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Abstract
We give a new take on the error analysis of approximations of stochastic differential equations
(SDEs), utilizing and developing the stochastic sewing lemma of Lê (2020). This approach
allows one to exploit regularization by noise effects in obtaining convergence rates. In our first
application we show convergence (to our knowledge for the first time) of the Euler-Maruyama
scheme for SDEs driven by fractional Brownian motions with non-regular drift. When the Hurst
parameter is H ∈ (0, 1) and the drift is Cα, α ∈ [0, 1] and α > 1 − 1/(2H), we show the strong
Lp and almost sure rates of convergence to be ((1/2+αH)∧1)−ε, for any ε > 0. Our conditions
on the regularity of the drift are optimal in the sense that they coincide with the conditions needed
for the strong uniqueness of solutions from Catellier, Gubinelli (2016). In a second application
we consider the approximation of SDEs driven by multiplicative standard Brownian noise where
we derive the almost optimal rate of convergence 1/2− ε of the Euler-Maruyama scheme for Cα
drift, for any ε, α > 0.
Keywords: Stochastic differential equations, regularization by noise, irregular drift, strong rate of conver-
gence, fractional Brownian motion
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1. Introduction
Since the 1970s, it has been observed that the addition of a random forcing into an ill-posed
deterministic system could make it well-posed. Such phenomenon is called regularization by
noise. One of the prime examples concerns differential equations of the form
dXt = b(Xt) dt, (1.1)
where b is a bounded vector field. While equation (1.1) might have infinitely many solutions when
b fails to be Lipschitz continuous and might possess no solution when b fails to be continuous,
Zvonkin [Zvo74] and Veretennikov [Ver80] (see also the paper of Davie [Dav07]) showed that the
stochastic differential equation (SDE)
dXt = b(Xt) dt+ dBt (1.2)
driven by a BrownianmotionB, has a unique strong solution when b is merely bounded measurable.
This result was extended to the case of the fractional Brownian noise in [NO02, NO03, CG16,
BNP15, Lê20]. These papers study the equation
dXt = b(Xt) dt+ dB
H
t , X0 = x0 (1.3)
where BH is a d-dimensional fractional Brownian motion with Hurst parameter H ∈ (0, 1). It is
known [CG16, Theorem 1.9] that this equation has a unique strong solution if b belongs to the
Hölder–Besov space Cα and α > 1− 1/(2H). Thus, the presence of the noise not only produces
solutions in situations where there was none but also singles out a unique physical solution in
situations where there were multiple. However, to the best of our knowledge, no construction
of this solution through discrete approximations has been known (unless H = 1/2). In this
article, we develop a new approach which allows to construct this solution and even obtain rate of
convergence of the discrete approximations. Before the formal setup of Section 2, let us informally
overview the results.
First, let us recall that in the standard Brownian case (H = 1/2) the seminal work of Gyöngy
and Krylov [GK96] established the convergence in probability of the Euler-Maruyama scheme
dXnt = b(X
n
κn(t)) dt+ dB
H
t , X
n
0 = x
n
0 , t > 0 (1.4)
to the solution of (1.3). Here b is a bounded measurable function and
κn(t) := ⌊nt⌋/n, n ∈ N. (1.5)
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In the present paper, we significantly extend these results by a) establishing the convergence
of the Euler–Maruyama scheme for all H ∈ (0, 1); b) showing that the convergence takes place
in a stronger (Lp(Ω) and almost sure) sense; c) obtaining the explicit rate of convergence. More
precisely, in Theorem 2.1 we show that if b is bounded and Hölder-continuous with exponent
α > 1 − 1/(2H), then the Euler-Maruyama scheme converges with rate ((1/2 + αH) ∧ 1) − ε
for any ε > 0. Thus, the approximation results are obtained under the minimal assumption on the
drift b that is needed for strong uniqueness of solutions [NO02, CG16] and for the well-posedness
of scheme (1.4). Let us also point out that in particular, forH < 1/2, one does not need to require
any continuity from b to obtain a convergence rate 1/2− ε. Concerning approximations of SDEs
driven by fractional Brownian motions with regular coefficients, we refer the reader to the recent
works [FR14, HLN16] and references therein. Concerning the implementation of such schemes
and in particular the simulation of increments of fractional Brownian motions we refer to [She15,
Section 6] and its references.
Our second application is to study equations with multiplicative noise in the standard Brownian
case:
dXt = b(Xt) dt+ σ(Xt) dBt, X0 = x0, t > 0 (1.6)
and their discretisations
dXnt = b(X
n
κn(t)) dt+ σ(X
n
κn(t)) dBt, X
n
0 = x
n
0 , t > 0. (1.7)
Here b, σ are measurable functions, B is a d-dimensional Brownian motion, and κn is defined
in (1.5). To ensure well-posedness, a nondegeneracy assumption on σ has to be assumed. In the
standard Brownian case the rate of convergence for irregular b has been recently actively studied,
see among many others [MX18, LS18, MY18, PT17, BHY18] and their references. However,
the obtained rate deteriorates as b becomes more irregular: in the setting of (1.6)-(1.7), the best
known rate is only proven to be (at least) α/2 for b ∈ Cα, α > 0 in [BHY18].
It was first shown in [DG18] that, at least for additive noise, the strong rate does not vanish as
the regularity α approaches 0, and one in fact recovers the rate 1/2− ε for arbitrary ε > 0, for all
α > 0. In the present paper we establish the same for multiplicative noise, in which case the rate
1/2 is well-known to be optimal. Our proof offers several other improvements to earlier results:
all moments of the error can be treated in the same way, the scalar and multidimensional cases
are also not distinguished, and the main error bound (2.9) is uniform in time, showing thatX· and
Xn· are close as paths. The topology (in time) where the error is measured is in fact even stronger,
see Remark 2.3.
To obtain these results we develop a new strategy which utilizes the stochastic sewing lemma
(SSL) of Lê [Lê20] as well as some other specially developed tools. We believe that these tools
might be also of independent interest; let us briefly describe them here.
First, we obtain a new stochastic sewing–type lemma, see Theorem 3.3. It provides bounds
on the Lp-norm of the increments of a process, with the correct dependence on p. This improves
the corresponding bounds from SSL of Lê (although, under more restrictive conditions). This
improved bound is used for proving stretched exponential moment bounds that play a key role in the
convergence analysis of the Euler–Maruyama scheme for (1.3), see Section 4.3. In particular, using
this new sewing-type lemma, we are able to extend the key bound ofDavie [Dav07, Proposition 2.1]
(this bound was pivotal in his paper for establishing uniqueness of solutions to (1.2) when the
driving noise is the standard Brownian motion) to the case of the fractional Brownian noise, see
Lemma 4.3.
4 Main results
Second, in Section 5 we derive density estimates of (a drift-free version of) the solution of
(1.7) via Malliavin calculus. Classical results in this direction include that of Gyöngy and Krylov
[GK96], and of Bally and Talay [BT96]: the former gives sharp short time asymptotics but no
smoothness of the density, and the latter vice versa. Since our approach requires both properties
at the same time, we give a self-contained proof of such an estimate (5.2).
Finally let us mention that, as in [DG18, NS19, DGI19], efficient quadrature bounds play
a crucial role in the analysis. These are interesting approximation problems in their own right,
see, e.g., [KHMN14] and the references therein. Such questions in the non-Markovian setting of
fractional Brownian motion have only been addressed recently in [Alt17]. However, there are a few
key differences to our quadrature bounds from Lemma 4.1. First, we derive bounds in Lp(Ω) for
all p, which by Proposition 2.9 also imply the corresponding almost sure rate (as opposed toL2(Ω)
rates only in [Alt17]). Second, unlike the standard fractional Brownian motions considered here,
[Alt17] requires starting them at time 0 from a random variable with a density, which provides a
strong smoothing effect. Third, when approximating the functional of the form
Γt :=
∫ t
0
f (BHs ) ds,
also called ‘occupation time functional’, by the natural discretisation
Γnt =
∫ t
0
f (BHκn(s)) ds,
our results not only imply pointwise error estimates on |ΓT − ΓnT |, but also on the error of the
whole path ‖Γ·−Γn· ‖Cβ measured in a Hölder norm Cβ with some β > 1/2. This is an immediate
consequence of the bounds (4.1) in combination with Kolmogorov’s continuity theorem.
The rest of the article is structured as follows. Our main results are presented in Section 2.
In Section 3 we outline the main strategy and collect some necessary auxiliary results, including
the new sewing lemma–type bound Theorem 3.3. Section 4 is devoted to the error analysis in
the additive fractional noise case. In Section 5 we prove an auxiliary bound on the probability
distribution of the Euler-Maruyama approximation of certain sufficiently nice SDEs. The proofs
of the convergence in the multiplicative standard Brownian noise case are given in Section 6.
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2. Main results
We begin by introducing the basic notation. Consider a probability space (Ω,F ,P) carrying a
d-dimensional two-sided Brownian motion (Wt)t∈R. Let F = (Ft)t∈R be the filtration generated
by the increments ofW . The conditional expectation given Fs is denoted by Es. For H ∈ (0, 1)
we define the fractional Brownian motion with Hurst parameter H by the Mandelbrot-van Ness
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representation [Nua06, Proposition 5.1.2]
BHt :=
∫ 0
−∞
(|t− s|H−1/2 − |s|H−1/2) dWs +
∫ t
0
|t− s|H−1/2 dWs. (2.1)
Recall that the components of BH are independent and each component is a Gaussian process
with zero mean and covariance
C(s, t) :=
cH
2
(s2H + t2H − |t− s|2H ), s, t > 0, (2.2)
where cH is a certain positive constant, see [Nua06, (5.1)].
For α ∈ (0, 1] and a function f : Q→ V , where Q ⊂ Rk and (V, | · |) is a normed space, we
set
[f ]Cα(Q,V ) := sup
x 6=y∈Q
|f (x)− f (y)|
|x− y|α .
For α ∈ (0,∞) we denote by Cα(Q,V ) the space of all functions f : Q → V having derivatives
∂ℓf for all multi-indices ℓ ∈ (Z+)k with |ℓ| < α such that
‖f‖Cα(Q,V ) :=
∑
|ℓ|<α
sup
x∈Q
|∂ℓf (x)|+
∑
α−1<|ℓ|<α
[∂ℓf ]Cα−|ℓ|(Q,V ) <∞.
We also set C0(Q,V ) to be the space of bounded measurable functions with the supremum norm.
We emphasize that in our notation elements of C0 need not be continuous! If α < 0, then by
Cα(Rd,R) we denote the space of all distributions f ∈ D′(Rd), such that
‖f‖Cα := sup
ε∈(0,1]
ε−α/2‖Pεf‖C0(Rd,R) <∞,
where Pεf is the convolution of f with the d-dimensional Gaussian heat kernel at time ε.
In some cases we use shorthands: ifQ = Rd, or V = Rd or V = Rd×d, they are omitted from
the notation. For instance, the reader understands that requiring the diffusion coefficient σ of (1.6)
to be of class Cα is to require it to have finite ‖ · ‖Cα(Rd,Rd×d) norm. If V = Lp(Ω) for some p > 2,
we write
[]f []Cαp ,Q := ‖f‖Cα(Q,Lp(Ω)). (2.3)
Convention on constants. Throughout the paper N denotes a positive constant whose value
may change from line to line; its dependence is always specified in the corresponding statement.
2.1. Additive fractional noise
Our first main result establishes the convergence of the numerical scheme (1.4) to the solution of
equation (1.3). Fix H ∈ (0, 1). It is known ([CG16, Theorem 1.9]) that if the drift b ∈ Cα with
α ∈ [0, 1] satisfying α > 1− 1/(2H), then for any fixed x0 ∈ Rd, equation (1.3) admits a unique
strong solution, which we denote by X. For any n ∈ N we take xn0 ∈ Rd and denote the solution
of (1.4) by Xn. For a given α ∈ [0, 1] and H ∈ (0, 1), we set
γ = γ(α,H) := (1/2 + αH) ∧ 1. (2.4)
Now we are ready to present our first main result. Its proof is placed in Section 4, a brief outline
of it is provided in Section 3.1.
6 Main results
Theorem 2.1. Let α ∈ [0, 1] satisfy
α > 1− 1/(2H). (2.5)
Suppose b ∈ Cα, let ε, δ > 0 and p > 2. Then there exists a constant τ = τ (α,H, ε) > 1/2 such
that for all n ∈ N the following bound holds
‖X −Xn‖Cτ ([0,1],Lp(Ω)) 6 Nnδ|x0 − xn0 |+Nn−γ+ε+δ (2.6)
with some constant N = N (p, d, α,H, ε, δ, ‖b‖Cα ).
Remark 2.2. An interesting question left open is whether one can reach α = 0 in the H = 1/2
case. In dimension 1, this is positively answered [DG18] using PDE methods, but the sewing
approach at the moment does not seem to handle such endpoint situations. For H 6= 1/2 even
weak existence or uniqueness is not known for the endpoint α = 1− 1/(2H).
Remark 2.3. From (2.6), Kolmogorov’s continuity theorem, and Jensen’s inequality, one gets the
bound
‖‖X −Xn‖Cτ−ε′ ([0,1],Rd)‖Lp(Ω) 6 Nnδ|x0 − xn0 |+Nn−γ+ε+δ. (2.7)
for any ε′ > 0 (with N also depending on ε′). In the literature it is more common to derive error
estimates in supremum norm, which of course follows:
‖ sup
t∈[0,1]
|Xt −Xnt |‖Lp(Ω) 6 Nnδ|x0 − xn0 |+Nn−γ+ε+δ,
but (2.7) is quite a bit stronger.
Remark 2.4. A trivial lower bound on the rate of convergence of the solutions is the rate of
convergence of the initial conditions. In (1.4) we lose δ compared to this rate, but δ > 0 can be
chosen arbitrarily small. This becomes even less of an issue if one simply chooses xn0 = x0.
Remark 2.5. The fact that the error is well-controlled even between the gridpoints is related to the
choice of how we extend Xn to continuous time from the points Xn0 ,X
n
1/n, . . .. For other type of
extensions and their limitations we refer the reader to [Neu06].
Corollary 2.6. Assume α ∈ [0, 1] satisfies (2.5) and suppose b ∈ Cα. Take x0 = xn0 for all n ∈ N.
Then for a sufficiently small θ > 0 and any ε > 0 there exists an almost surely finite random
variable η such that for all n ∈ N, ω ∈ Ω the following bound holds
sup
t∈[0,1]
|Xt −Xnt | 6 ‖X −Xn‖C1/2+θ([0,1],Rd) 6 ηn−γ+ε,
where γ was defined in (2.4).
Proof. An immediate consequence of (2.7), Proposition 2.9 below, and the fact that τ > 1/2.
2.2. Multiplicative Brownian noise
In the multiplicative case we work under the ellipticity and regularity conditions
σ ∈ C2, σσT  λI, (2.8)
in the sense of positive definite matrices, with some λ > 0. This, together with b ∈ C0, guarantees
the strong well-posedness of equations (1.6) and (1.7) [Ver80, Theorem 1], whose solutions we
denote by X and Xn, respectively. The second main result then reads as follows, its proof is the
content of Section 6.
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Theorem 2.7. Let α ∈ (0, 1]. Suppose b ∈ Cα, let ε > 0, τ ∈ [0, 1/2), and p > 2. Suppose σ
satisfies (2.8). Then for all n ∈ N the following bound holds
‖X −Xn‖Cτ ([0,1],Lp(Ω)) 6 N |x0 − xn0 |+Nn−1/2+ε (2.9)
with some N = N (p, d, α, ε, τ, λ, ‖b‖Cα , ‖σ‖C2 ).
Corollary 2.8. Let α ∈ (0, 1], assume x0 = xn0 for all n ∈ N, suppose b ∈ Cα, and suppose σ
satisfies (2.8). Let ε > 0, τ ∈ [0, 1/2). Then there exists an almost surely finite random variable
η such that for all n ∈ N, ω ∈ Ω the following bound holds
sup
t∈[0,1]
|Xt −Xnt | 6 ‖X −Xn‖Cτ ([0,1],Rd) 6 ηn−1/2+ε.
Proof. An immediate consequence of (2.9), Kolmogorov’s continuity theorem, and Proposition
2.9 below.
Let us conclude by invoking a simple fact used in the proof of Corollaries 2.6 and 2.8, which
goes back to at least [Gyö98, proof of Theorem 2.3].
Proposition 2.9. Let ρ > 0 and let (Zn)n∈N be a sequence of random variables such that for all
p > 0 and all n ∈ N one has the bound
‖Zn‖Lp(Ω) 6 Nn−ρ
for someN = N (p). Then for all ε > 0 there exists an almost surely random variable η such that
for all n ∈ N, ω ∈ Ω
|Zn| 6 ηn−ρ+ε.
Proof. Notice that for any q > 0∑
n∈N
P(|Zn| > n−ρ+ε) 6
∑
n∈N
E|Zn|q
nq(−ρ+ε)
6
∑
n∈N
Nn−qε.
Choosing q = 2/ε, the above sum is finite, so by the Borel-Cantelli lemma there exists an almost
surely finite N-valued random variable n0 such that |Zn| 6 n−ρ+ε for all n > n0. This yields the
claim by setting
η := 1 ∨max
n6n0
(|Zn|nρ−ε).
3. Preliminaries
3.1. The outline of the strategy
The purpose of this section is to outline the main steps in a simple example. Hopefully this
gives a clear picture of the strategy to the reader, which otherwise may be blurred by the some
complications arising in the proofs of Theorems 2.1 and 2.7.
The ‘simple example’ will be the setting of (1.3) and (1.4) withH = 1/2 and f ∈ Cα for some
α > 0. We furthermore assume x0 = xn0 and that the time horizon is given by [0, T0] instead of
[0, 1], with some small 1 > T0 > 0 to be chosen later. Finally, we will only aim to prove (1.3)
with τ = 1/2.
8 Preliminaries
Step 1 ("Quadrature bounds") Our first goal is to bound the quantity
AT0 :=
∫ T0
0
b(Br)− b(Bκn(r)) dr.
From the Hölder continuity of b, one would have the trivial bound of order n−α/2 in any Lp(Ω)
norm, but in fact one can do much better, as follows. Fix ε ∈ (0, 1/2) and define (recall that by
E
s we denote the conditional expectation given Fs)
As,t = E
s(At −As) = Es
∫ t
s
b(Br)− b(Bκn(r)) dr.
The stochastic sewing lemma, Proposition 3.2 below, allows one to bound A through bounds on
A. Indeed, if we take ε1 = ε and ε2 = 1, it is very easy to check that the conditions (3.9) and
(3.10) are satisfied, withK1 = ‖b‖C0 andK2 = 0, therefore it remains to find C1 and C2. In fact,
it is immediate that one can choose C2 = 0, since EsδAs,u,t = Es(As,t −As,u −Au,t) = 0.
Wenowclaim that one can takeC1 = Nn−1/2−α/2+ε in (3.7). Since ‖b(Br)−b(Bκn(r))‖Lp(Ω) 6
‖b‖Cαn−α/2, if |t− s| 6 2n−1, then one easily gets by the conditional Jensen’s inequality
‖As,t‖Lp(Ω) 6 N |s− t|n−α/2 6 N |s− t|1/2+εn−1/2−α/2+ε. (3.1)
If |t− s| > 2n−1, let s′ = κn(s) + 2n−1 be the second gridpoint to the right of s. In particular,
r > s′ implies κn(r) > s. Let us furthermore notice that for any u > v and any bounded
measurable function f , one has Evf (Bu) = Pu−vf (Bv), where P is the standard heat kernel (see
(3.21) below for a precise definition). One can then write
‖As,t‖Lp(Ω) 6
∫ s′
s
‖b(Br)− b(Bκn(r))‖Lp(Ω) dr + ‖
∫ t
s′
E
sb(Br)− Esb(Bκn(r)) dr‖Lp(Ω)
6 Nn−1−α/2 +
∫ t
s′
‖(Pr−s − Pκn(r)−s)b‖C0 dr
6 Nn−1−α/2 +N
∫ t
s′
(r − s′)−1/2+εn−1/2−α/2+ε dr
6 N |t− s|1/2+εn−1/2−α/2+ε (3.2)
where in the third line we used a well-known estimate for heat kernels, see Proposition 3.7 (ii)
with exponents β = 0, δ = 1/2 +α/2− ε, and time points κn(r)− s in place of s, r− s in place
of t. We also used that for r > s′, one has κn(r)− s > r − s′. By (3.1) and (3.2) we indeed get
(3.7) with C1 = Nn−1/2−α/2+ε. Applying the stochastic sewing lemma, (3.11) yields
‖At −As‖Lp(Ω) = ‖
∫ t
s
b(Br)− b(Bκn(r)) dr‖Lp(Ω) 6 N |t− s|1/2+εn−1/2−α/2+ε
for all 0 6 s 6 t 6 T0. Here the constant N depends on p, ε, α, d, ‖b‖Cα , but not on T0.
Step 1.5 (Girsanov transform) An easy application of Girsanov’s theorem yields
‖
∫ t
s
b(Xnr )− b(Xnκn(r)) dr‖Lp(Ω) 6 N |t− s|1/2+εn−1/2−α/2+ε. (3.3)
In general (for example, for fractional Brownian motions) the Girsanov transformation can become
involved, but for our present example this is completely straightforward.
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Step 2 ("regularization bound") Next, we estimate the quantity
AT0 =
∫ T0
0
b(Br + ψr)− b(Br + ϕr) dt
for some adapted processes ψ,ϕ whose Lipschitz norm is bounded by some constant K . As
suggested by the above notation, we use the stochastic sewing lemma again, with As,t defined as
As,t = E
s
∫ t
s
b(Br + ψs)− b(Br + ϕs) dr.
We do not give the details of the calculations at this point. It is an instructive exercise to the
interested reader to verify that (3.7) and (3.8) are satisfied with ε1 = α/2, C1 = N []ψ−ϕ[]C 0p ,[0,T0]
and ε2 = α/2, C2 = N []ψ − ϕ[]
C
1/2
p ,[0,T0]
. Here N depends on p, α, d,K, ‖b‖Cα , but not on T0.
The bound (3.9) is straightforward, withK1 = ‖b‖C0 . Concerning (3.10), one can write
|Es(At −As −As,t)| 6 Es
∫ t
s
|b(Br + ψr)− b(Br + ψs)|+ |b(Br + ϕr)− b(Br + ϕs)| dr,
and so K2 = 2K‖b‖Cα does the job. Therefore, by (3.11), we get
‖At −As‖Lp(Ω) = ‖
∫ t
s
b(Br + ψr)− b(Br + ϕr) dr‖Lp(Ω)
6 N |t− s|1/2+α/2[]ψ − ϕ[]C 0p ,[0,T0] +N |t− s|1+α/2[]ψ − ϕ[]C 1/2p ,[0,T0].
We will only apply the following simple corollary of this bound: if ψ0 = ϕ0, then
‖
∫ t
s
b(Br + ψs)− b(Br + ϕs) dr‖Lp(Ω) 6 N |t− s|1/2+α/2[]ψ − ϕ[]C 1/2p ,[0,T0]. (3.4)
Step 3 ("Buckling") Let ψ and ψn be the drift component of X and Xn, respectively:
ψt = x0 +
∫ t
0
b(Xr) dr, ψ
n
t = x0 +
∫ t
0
b(Xnκn(r)) dr.
We apply (3.3) and (3.4) with ϕ = ψn, to get
‖(ψ − ψn)t − (ψ − ψn)s‖Lp(Ω) 6 Nn−1/2−α/2+ε|t− s|1/2+ε
+N |t− s|1/2+α/2[]ψ − ψn[]
C
1/2
p ,[0,T0]
.
Dividing by |t− s|1/2 and take supremum over 0 6 s 6 t 6 T0, one gets
[]ψ − ψn[]
C
1/2
p ,[0,T0]
6 Nn−1/2−α/2+ε +NT
α/2
0 []ψ − ψn[]C 1/2p ,[0,T0].
Since so farN does not depend on T0, one can choose T0 sufficiently small so thatNT
α/2
0 6 1/2.
This yields the desired bound
[]X −Xn[]
C
1/2
p ,[0,T0]
= []ψ − ψn[]
C
1/2
p ,[0,T0]
6 Nn−1/2−α/2+ε.
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Let us point out that the rate of convergence is determined by only the first step. Also, the
second step is similar in spirit to the ‘averaging bounds’ appearing in sewing-based uniqueness
proofs for SDEs (see e.g. [CG16, Lê20]).
In the proof of Theorem 2.1, the more difficult part will be the regularization bound. Applying
only the stochastic sewing lemma of Lê apparently does not lead to an optimal result forH > 1/2.
Therefore at some point one has to move from almost sure bounds (which are similar to [CG16])
to Lp bounds. This requires an extension of the Davie’s moment bound [Dav07, Proposition 2.1]
to the case of the fractional Brownian motion. This is done in Lemma 4.3 using the new stochastic
sewing lemma (Theorem 3.3).
In contrast, for Theorem 2.7 establishing the quadrature bound will be more difficult. In
the above arguments, the heat kernel bounds have to be replaced by estimates on the transition
densities of the Euler-Maruyama scheme. These bounds are established via Malliavin calculus,
this is the content of Section 5.
3.2. Sewing lemmas
As mentioned above, the proof strategy relies on the sewing and stochastic sewing lemmas. For
the convenience of the reader, we recall them here. The first two lemmas are well-known, the third
one is new.
We define for 0 6 S 6 T 6 1 the set [S, T ]6 := {(s, t) : S 6 s 6 t 6 T}. If A·,· is a
function [S, T ]6 → Rd, then for s 6 u 6 t we put δAs,u,t := As,t − As,u − Au,t. The first
statement is the sewing lemma of Gubinelli.
Proposition 3.1 ([FdLP06, Lemma 2.1], [Gub04, Proposition 1]). Let 0 6 S 6 T 6 1 and let
A·,· be a continuous function from [S, T ]6 to Rd. Suppose that for some ε > 0 and C > 0 the
bound
|δAs,u,t| 6 C|t− s|1+ε (3.5)
holds for all S 6 s 6 u 6 t 6 T . Then there exists a unique function A : [S, T ] → Rd such that
AS = 0 and the following bound holds for some constant K > 0:
|At −As −As,t| 6 K|t− s|1+ε, (s, t) ∈ [S, T ]6. (3.6)
Moreover, there exists a constant K0 depending only on ε, d such thatA in fact satisfies the above
bound withK 6 K0C .
The next statement is the stochastic extension of the above result obtained by Lê. Recall that
for any s > 0 we are using the convention Es[...] := E[...|Fs].
Proposition 3.2 ([Lê20, Theorem 2.4]). Let p > 2, 0 6 S 6 T 6 1 and let A·,· be a function
[S, T ]6 → Lp(Ω,Rd) such that for any (s, t) ∈ [S, T ]6 the random vector As,t is Ft-measurable.
Suppose that for some ε1, ε2 > 0 and C1, C2 the bounds
‖As,t‖Lp(Ω) 6 C1|t− s|1/2+ε1 , (3.7)
‖EsδAs,u,t‖Lp(Ω) 6 C2|t− s|1+ε2 (3.8)
hold for all S 6 s 6 u 6 t 6 T . Then there exists a unique (up to modification) F-adapted
process A : [S, T ] → Lp(Ω,Rd) such that AS = 0 and the following bounds hold for some
constants K1,K2 > 0:
‖At −As −As,t‖Lp(Ω) 6 K1|t− s|1/2+ε1 +K2|t− s|1+ε2 , (s, t) ∈ [S, T ]6, (3.9)
‖Es(At −As −As,t)‖Lp(Ω) 6 K2|t− s|1+ε2 , (s, t) ∈ [S, T ]6. (3.10)
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Moreover, there exists a constant K depending only on ε1, ε2, d such that A satisfies the bound
‖At −As‖Lp(Ω) 6 KpC1|t− s|1/2+ε1 +KpC2|t− s|1+ε2 , (s, t) ∈ [S, T ]. (3.11)
The final statement of this section is new. It provides bounds on ‖As − At‖Lp(Ω) with the
correct dependence on p: namely these bounds are of order
√
p, rather than p as in (3.10). This will
be crucial for the proof of Theorem 2.1; in particular, this would allow to extend the corresponding
Davie bound [Dav07, Proposition 2.1] to the case of fractional Brownian motion. The price to
pay though is that the assumptions of this theorem are more restrictive than the corresponding
assumptions of [Lê20, Theorem 2.4].
Fix 0 6 S 6 T 6 1. Let (At)t∈[S,T ] be an F–adapted process with values in Rd. For
(s, t) ∈ [S, T ]6 we will write As,t := At −As.
Theorem 3.3. Let p > 2. Suppose that for some m > 2, ε1 > 0, ε2 > 0, ε3 > 0, and
C1, C2, C3 > 0 the bounds
‖As,t‖Lp∨m(Ω) 6 C1|t− s|1/2+ε1 (3.12)
‖EsAu,t − EuAu,t‖Lm(Ω) 6 C1|u− s|1/m+ε1 (3.13)
‖EsAs,t‖Lp(Ω) 6 C2|t− s|ε2 (3.14)
‖Es[(EsAu,t − EuAu,t)2]‖Lp/2(Ω) 6 C3|u− s||t− s|
ε3 (3.15)
hold for all S 6 s 6 u 6 t 6 T . Then there exist a universal constant K = K(d, ε2, ε3) > 0
which does not depend on p, Cj , such that
‖At −As‖Lp(Ω) 6 C2K|t− s|ε2 +K
√
pC
1/2
3 |t− s|1/2+ε3/2. (3.16)
Remark 3.4. Note that the right–hand side of bound (3.16) does not depend on C1.
Remark 3.5. Let us recall that the proof of stochastic sewing lemma in [Lê20] requires to apply
the BDG inequality infinitely many times but each time to a discrete-time martingale, thus yielding
a constant p in the right–hand side of bound (3.11). In our proof we apply the BDG inequality only
once, but to a continuous time martingale. This allows to get a better constant (namely
√
p instead
of p), since the constant in the BDG inequality for the continuous-time martingales is better than
in the BDG inequality for general martingales.
Proof of Theorem 3.3. This proof is inspired by the ideas of [BM19, proof of Proposition 3.2] and
[CG16, proof of Theorem 4.3]. For the sake of brevity, in this proof we will write Lp for Lp(Ω).
Fix s, t ∈ [S, T ]6 and for i ∈ {1, . . . , d} consider a martingale M i = (M ir)r∈[s,t], where
M ir := E
r[Ais,t], r ∈ [s, t].
We will frequently use the following inequality. For s 6 u 6 v 6 t one has
|M iu −M iv| 6 |Aiu,v|+ |EuAiu,v|+ |EuAiv,t − EvAiv,t|. (3.17)
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We begin by observing that
‖As,t‖Lp(Ω) 6
d∑
i=1
‖Ais,t‖Lp(Ω) =
d∑
i=1
‖M it‖Lp(Ω)
6
d∑
i=1
‖M is‖Lp(Ω) +
d∑
i=1
‖M it −M is‖Lp(Ω)
=:
d∑
i=1
Ii1 +
d∑
i=1
Ii2. (3.18)
The first term in (3.18) is easy to bound. By assumption (3.14) we have
Ii1 = ‖EsAis,t‖Lp(Ω) 6 C2|t− s|ε2 . (3.19)
To estimate Ii2 we first observe that for each i = 1, . . . , d the martingaleM
i is continuous. Indeed,
for any s 6 u 6 v 6 t we have using (3.12) and (3.17)
‖M iu −M iv‖Lm 6 2‖Aiu,v‖Lm + ‖EuAiv,t − EvAiv,t‖Lm
6 3C1|u− v|1/m+ε1 .
Therefore, the Kolmogorov continuity theorem implies that the martingale M i is continuous.
Hence, its quadratic variation [M i] equals its predictable quadratic variation 〈M i〉 [JS03, Theo-
rem I.4.52]. Thus, applying a version of the Burkholder–Davis–Gundy inequality with a precise
bound on the constant [BY82, Proposition 4.2], we get that there exists a constantN > 0 such that
‖M it −M is‖Lp(Ω) 6 N
√
p ‖〈M i〉t‖1/2Lp/2 . (3.20)
For n ∈ N, j ∈ {1, . . . , n} put tnj := s+ (t−s)j/n. Then, it follows from [Jak05, Theorem 2] that∑n−1
j=0 E
tnj [(M itnj+1
−M itnj )
2] converges to 〈M i〉t in L1(Ω). In particular, a subsequence indexed
over nk converges almost surely. Therefore, applying Fatou’s lemma, Minkowski’s inequality,
(3.17) and using the assumptions of the theorem, we deduce
‖〈M i〉t‖Lp/2 =
∥∥∥ lim
k→∞
nk−1∑
j=0
E
t
nk
j (M i
t
nk
j+1
−M i
t
nk
j
)2
∥∥∥
Lp/2
6 lim inf
k→∞
nk−1∑
j=0
‖Et
nk
j (M i
t
nk
j+1
−M i
t
nk
j
)2‖Lp/2
6 3 lim
k→∞
nk−1∑
j=0
(2‖Ai
t
nk
j ,t
nk
j+1
‖2Lp(Ω) + ‖Et
nk
j (E
t
nk
j Ai
t
nk
j+1,t
− Et
nk
j+1Ai
t
nk
j+1,t
)2‖Lp/2)
6 lim
k→∞
6C21T
1+2ε1n−2ε1k + 3 limk→∞
C3|t− s|1+ε3n−1−ε3k
nk−1∑
j=0
(nk − j)ε3
6 NC3|t− s|1+ε3 .
Substituting this into (3.20) and combining this with (3.18) and (3.19), we obtain (3.16).
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3.3. Some useful estimates
In this section we establish a number of useful technical bounds related to Gaussian kernels. Their
proofs are mostly standard, however we were not able to find them in the literature. Therefore for
the sake of completeness, we provide the proofs of these results in the Appendix A.
Fix an arbitrary H ∈ (0, 1). Define
c(s, t) :=
√
(2H)−1|t− s|H , 0 6 s 6 t 6 1.
Let pt, t > 0, be the density of a d-dimensional vector with independent Gaussian components
each of mean zero and variance t:
pt(x) =
1
(2πt)d/2
exp
(
−x
2
2t
)
, x ∈ Rd. (3.21)
For a measurable function f : Rd → R we write Ptf := pt ∗ f , and occasionally we denote by p0
the Dirac delta function.
Our first statement provides a number of technical bounds related to the fractional Brownian
motion. Its proof is placed in the Appendix A.
Proposition 3.6. Let p > 1. The process BH has the following properties:
(i) ‖BHt −BHs ‖Lp(Ω) = N |t− s|H , for all 0 6 s 6 t 6 1, with N = N (p, d,H);
(ii) for all 0 6 s 6 u 6 t 6 1, i = 1, . . . , d, the random variable EsBH,it − EuBH,it is
independent ofFs; furthermore, this random variable is Gaussian with mean 0 and variance
E(EsBH,it − EuBH,it )2 = c2(s, t)− c2(u, t) =: v(s, u, t); (3.22)
(iii) Esf (BHt ) = Pc2(s,t)f (EsBHt ), for all 0 6 s 6 t 6 1;
(iv) |c2(s, t)− c2(s, u)| 6 N |t−u||t− s|2H−1, for all 0 6 s 6 u 6 t such that |t−u| 6 |u− s|,
with N = N (H);
(v) ‖EsBHt −EsBHu ‖Lp(Ω) 6 N |t−u||t−s|H−1, for all 0 6 s 6 u 6 t such that |t−u| 6 |u−s|,
with N = N (p, d,H);
The next statement gives the heat kernel bounds which are necessary for the proofs of the main
results. Its proof is also placed in the Appendix A. Recall the definition of the function v in (3.22).
Proposition 3.7. Let f ∈ Cα, α 6 1 and β ∈ [0, 1]. The following hold:
(i) There exists N = N (d, α, β) such that
‖Ptf‖Cβ(Rd) 6 Nt
(α−β)∧0
2 ‖f‖Cα(Rd),
for all t ∈ (0, 1].
(ii) For all δ ∈ (0, 1] with δ > α
2
− β
2
, there exists N = N (d, α, β, δ) such that
‖Ptf − Psf‖Cβ(Rd) 6 N‖f‖Cα(Rd)s
α
2
−β
2
−δ(t− s)δ,
for all 0 6 s 6 t 6 1.
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(iii) For all H ∈ (0, 1), there exists N = N (d, α, β,H) such that
‖Pc2(s,t)f − Pc2(u,t)f‖Cβ (Rd) 6 N‖f‖Cα(Rd)(u− s)
1
2 (t− u)(H(α−β)− 12 )∧0,
for all 0 < s 6 u 6 t 6 1.
(iv) For all H ∈ (0, 1), p > 2, there exists N = N (d, α,H, p) such that
‖Pc2(u,t)f (x)− Pc2(u,t)f (x+ ξ)‖Lp(Ω) 6 N‖f‖Cα(u− s)
1
2 (t− u)(Hα− 12 )∧0;
for all x ∈ R, 0 < s 6 u 6 t 6 1 and all random vectors ξ whose components are
independent, N (0, v(s, u, t)) random variables.
Our next statement relates to the properties of Hölder norms. Its proof can be found in
Appendix A.
Proposition 3.8. Let α ∈ R, f ∈ Cα(Rd,Rk), δ ∈ [0, 1]. Then there exists N = N (α, δ, d, k)
such that for any x ∈ Rd
‖f (x+ ·)− f (·)‖Cα−δ 6 N |x|δ‖f‖Cα .
Finally, we will also need the following integral bounds. They follow immediately from a
direct calculation.
Proposition 3.9. (i) Let a, b > −1, t > 0. Then for some N = N (a, b) one has∫ t
0
(t− r)arb dr = Nta+b+1. (3.23)
(ii) Let a > −2, b < 1, t > 0. Then for some N = N (a, b) one has∫ t
0
(t− r)a(tbr−b − 1) dr = Nta+1. (3.24)
3.4. Girsanov theorem for fractional Brownian motion
One of the tools which are important for the proof of Theorem 2.1 is the Girsanov theorem for
fractional Brownian motion [DU99, Theorem 4.9], [NO02, Theorem 2]. We will frequently use
the following technical corollary of this theorem. For the convenience of the reader we put its
proof into Appendix B.
Proposition 3.10. Let u : Ω × [0, 1] → Rd be an F–adapted process such that with a constant
M > 0 we have
‖u‖L∞(0,1) 6 M, (3.25)
almost surely. Further, assume that one of the following holds:
(i) H 6 1/2;
or
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(ii) H > 1/2 and there exists a random variable ξ such that∫ 1
0
(∫ t
0
(t/s)H−1/2|ut − us|
(t− s)H+1/2 ds
)2
dt 6 ξ (3.26)
and E exp(λξ) <∞ for any λ > 0.
Then there exists a probability measure P˜ which is equivalent to P such that the process B˜H :=
BH +
∫ ·
0
us ds is a fractional Brownain motion with Hurst parameter H under P˜. Furthermore
for any λ > 0 we have
E
(dP
dP˜
)λ
6
{
exp(λ2NM2) if H ∈ (0, 1/2]
exp(λ2NM2)E[exp(λNξ)] if H ∈ (1/2, 1) <∞, (3.27)
where N = N (H).
In order to simplify the calculation of the integral in (3.26), we provide the following technical
but useful lemma. Since the proof is purely technical, we put its proof in the Appendix B.
Lemma 3.11. Let H ∈ (1/2, 1) and let ρ ∈ (H − 1/2, 1]. Then there exists a constant N =
N (H, ρ), such that for any function f ∈ Cρ([0, 1],Rd) and any n ∈ N one has∫ 1
0
(∫ t
0
(t/s)H−1/2|fκn(t) − fκn(s)|
(t− s)H+1/2 ds
)2
dt 6 N [f ]2Cρ . (3.28)∫ 1
0
(∫ t
0
(t/s)H−1/2|ft − fs|
(t− s)H+1/2 ds
)2
dt 6 N [f ]2Cρ . (3.29)
4. Additive fractional noise
In this section we provide the proof of Theorem 2.1. We follow the strategy outlined on Section 3.1:
In Sections 4.1 and 4.2 we prove the quadrature bound and the regularization bound, respectively.
Based on these bounds, the proof of the theorem is placed in Section 4.3.
4.1. Quadrature estimates
The goal of this subsection is to prove the quadrature bound (4.7). The proof consists of two steps.
First, in Lemma 4.1 we prove this bound for the case of fractional Brownian motion; then we
extend this result to the process X by applying the Girsanov theorem.
Recall the definition of functions κn in (1.5) and γ in (2.4).
Lemma 4.1. Let H ∈ (0, 1), α ∈ [0, 1], p > 0, and take ε ∈ (0, 1/2]. Then for all f ∈ Cα,
0 6 s 6 t 6 1, n ∈ N, one has the bound∥∥∥∫ t
s
(f (BHr )− f (BHκn(r))) dr
∥∥∥
Lp(Ω)
6 N‖f‖Cαn−γ(α,H)+ε|t− s|1/2+ε, (4.1)
with some N = N (p, d, α, ε,H).
Proof. It suffices to prove the bound for p > 2. Define for 0 6 s 6 t 6 1
As,t := E
s
∫ t
s
(f (BHr )− f (BHκn(r))) dr.
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Then, clearly, for any 0 6 s 6 u 6 t 6 1
δAs,u,t : = As,t −As,u −Au,t
= Es
∫ t
u
(f (BHr )− f (BHκn(r))) dr − Eu
∫ t
u
(f (BHr )− f (BHκn(r))) dr.
Let us check that all the conditions of the stochastic sewing lemma (Proposition 3.2) are satisfied.
Note that
E
sδAs,u,t = 0,
and so condition (3.8) trivially holds, with C2 = 0. To establish (3.7), let s ∈ [k/n, (k + 1)/n)
for some k ∈ {0, . . . , n− 1}. Suppose first that t ∈ [(k + 4)/n, 1]. We write
|As,t| 6
( ∫ (k+4)/n
s
+
∫ t
(k+4)/n
)
|Es(f (BHr )− f (BHκn(r)))| dr =: I1 + I2. (4.2)
The bound for I1 is straightforward: by conditional Jensen’s inequality, the definition of Cα
norm, and Proposition 3.6 (i) we have
‖I1‖Lp(Ω) 6
∫ (k+4)/n
s
‖f (BHr )− f (BHκn(r))‖Lp(Ω) dr
6 N‖f‖Cαn−1−αH 6 N‖f‖Cαn−γ+ε|t− s|1/2+ε, (4.3)
where the last inequality follows from the fact that n−1 6 |t− s|.
Now let us estimate I2. Using Proposition 3.6 (iii), we derive
I2 6
∫ t
(k+4)/n
|Pc2(s,r)f (EsBHr )− Pc2(s,κn(r))f (EsBHr )| dr
+
∫ t
(k+4)/n
|Pc2(s,κn(r))f (EsBHr )− Pc2(s,κn(r))f (EsBHκn(r))| dr
=:I21 + I22. (4.4)
To bound I21, we apply Proposition 3.7 (ii) with β = 0, δ = 1 and Proposition 3.6 (iv). We get
‖I21‖Lp(Ω) 6 N‖f‖Cα
∫ t
(k+4)/n
(c2(s, r)− c2(s, κn(r)))cα−2(s, κn(r)) dr
6 N‖f‖Cα
∫ t
(k+4)/n
n−1|r − s|2H−1|r − s|H(α−2) dr
6 N‖f‖Cαn−1
∫ t
s
|r − s|−1+αH dr
6 N‖f‖Cαn−1|t− s|αH . (4.5)
To deal with I22, we use Proposition 3.7 (i) with β = 1 and Proposition 3.6 (v). We deduce
‖I22‖Lp(Ω) 6 N‖f‖Cα
∫ t
(k+4)/n
‖EsBHr − EsBHκn(r)‖Lp(Ω)cα−1(s, κn(r)) dr
6 N‖f‖Cα
∫ t
(k+4)/n
n−1|r − s|H−1|r − s|−H(1−α) dr
6 N‖f‖Cαn−1|t− s|αH , (4.6)
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where in the second inequality we have also used that κn(r) − s > (r − s)/2. Combining (4.5)
and (4.6), and taking again into account that n−1 6 |t− s|, we get
‖I2‖Lp(Ω) 6 N‖f‖Cαn−γ+ε|t− s|1/2+ε.
Recalling (4.3), we finally conclude
‖As,t‖Lp(Ω) 6 N‖f‖Cαn−γ+ε|t− s|1/2+ε.
It remains to show the same bound for t ∈ (s, (k + 4)/n]. However this is almost straightforward.
We write
‖As,t‖Lp(Ω) 6
∫ t
s
‖f (BHr )− f (BHκn(r))‖Lp(Ω) dr
6 N‖f‖Cαn−αH |t− s| 6 N‖f‖Cαn−γ+ε|t− s|1/2+ε,
where the last inequality uses that in this case |t − s| 6 4n−1. Thus, (3.7) holds, with C1 :=
N‖f‖Cαn−γ+ε, ε1 := ε.
Thus all the conditions of the stochastic sewing lemma are satisfied. The process
A˜t :=
∫ t
0
(f (BHr )− f (BHκn(r))) dr
is also F-adapted, satisfies (3.10) trivially (the left-hand side is 0), and
‖A˜t − A˜s −As,t‖Lp(Ω) 6 ‖f‖C0 |t− s| 6 N |t− s|1/2+ε,
which shows that it also satisfies (3.9). Therefore by uniqueness At = A˜t. The bound (3.11) then
yields precisely (4.1).
Lemma 4.2. Let H ∈ (0, 1), α ∈ [0, 1] such that α > 1 − 1/(2H), p > 0, ε ∈ (0, 1/2]. Let
b ∈ Cα and Xn be the solution of (1.4). Then for all f ∈ Cα, 0 6 s 6 t 6 1, n ∈ N, one has the
bound ∥∥∥∫ t
s
(f (Xnr )− f (Xnκn(r))) dr
∥∥∥
Lp(Ω)
6 N‖f‖Cα |t− s|1/2+εn−γ+ε (4.7)
with some N = N (‖b‖Cα , p, d, α, ε,H).
Proof. Without loss of generality, we assume α < 1. Let
ψn(t) :=
∫ t
0
b(Xnκn(t)) dt.
Let us apply the Girsanov theorem (Theorem 3.10) to the function u(t) = b(Xnκn(t)). First let us
check that all the conditions of this theorem hold.
First, we obviously have |u(t)| 6 ‖b‖C0 , and thus (3.25) holds withM = ‖b‖C0 .
Second, let us check condition (3.26) in the case H > 1/2. Fix λ > 0 and small δ > 0 such
that α(H − δ) > H − 1/2; such δ exists thanks to the assumption α > 1 − 1/(2H). We apply
Lemma 3.11 for the function f := b(Xn) and ρ := α(H − δ). We have∫ 1
0
(∫ t
0
(t/s)H−1/2|b(Xnκn(t))− b(Xnκn(s))|
(t− s)H+1/2 ds
)2
dt 6 N [b(Xn)]2Cα(H−δ)
= N‖b‖2Cα[Xn]2αCH−δ
6 N‖b‖2Cα(‖b‖2αC0 + [BH ]2αCH−δ ) =: ξ.
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Therefore,
Eeλξ 6 N (‖b‖Cα , α, δ,H, λ) <∞, (4.8)
where we used the fact that the Hölder constant [BH ]CH−δ satisfies E exp(λ[B
H ]2α
CH−δ
) 6 N for
any λ > 0. Thus, condition (3.26) is satisfied. Hence all the conditions of Theorem 3.10 hold.
Thus, there exists a probability measure P˜ equivalent to P such that the process B˜H := BH + ψn
is a fractional H-Brownian motion on [0, 1] under P˜.
Now we can derive the desired bound (4.7). We have
E
P
∣∣∣∫ t
s
(
f (Xnr )− f (Xnκn(r))
)
dr
∣∣∣p
= EP˜
[∣∣∣∫ t
s
(
f (Xnr )− f (Xnκn(r))
)
dr
∣∣∣p dP
dP˜
]
6
(
E
P˜
∣∣∣∫ t
s
(
f (Xnr )− f (Xnκn(r))
)
dr
∣∣∣2p)1/2(EP˜[dP
dP˜
]2)1/2
=
(
E
P˜
∣∣∣∫ t
s
(
f (B˜Hr + x
n
0 )− f (B˜Hκn(r) + xn0 )
)
dr
∣∣∣2p)1/2(EP dP
dP˜
)1/2
=
(
E
P
∣∣∣∫ t
s
(
f (BHr + x
n
0 )− f (BHκn(r) + xn0 )
)
dr
∣∣∣2p)1/2(EPdP
dP˜
)1/2
. (4.9)
Taking into account (4.8), we deduce by Theorem 3.10 that
E
PdP
dP˜
6 N (‖b‖Cα , α, δ,H, λ).
Hence, using (4.1), we can continue (4.9) in the following way:
E
P
∣∣∣∫ t
s
(
f (Xnr )− f (Xnκn(r))
)
dr
∣∣∣p 6 N‖f‖pCαn−p(γ(α,H)+ε)|t− s|p(1/2+ε),
which implies the statement of the theorem.
4.2. A regularization lemma
The goal of this subsection is to establish the regularization bound (4.26). Its proof consists of
a number of steps. First, in Lemma 4.3 we derive an extension of the corresponding bound of
Davie [Dav07, Proposition 2.1] for the fractional Brownian motion case. It is important that the
right–hand side of this bound depends on p as
√
p (rather than p); this will be crucial later in the
proof of Lemma 4.7 and Theorem 2.1. Then in Lemma 4.6 we obtain the pathwise version of this
lemma and extend it to a wider class of processes (fractional Brownian motion with drift instead of
a fractional Brownian motion). Finally, in Lemma 4.7 we obtain the desired regularization bound.
Lemma 4.3. Let H ∈ (0, 1), α ∈ (−1/(2H), 0]. Let f ∈ C∞. Then there exists a constant
N = N (d, α,H) such that for any p > 2, s, t ∈ [0, 1] we have∥∥∥∫ t
s
f (BHr ) dr
∥∥∥
Lp(Ω)
6 N
√
p‖f‖Cα(t− s)Hα+1. (4.10)
Remark 4.4. Note that the right–hand side of bound (4.10) depends only on the norm of f in Cα
and does not depend on the norm of f in other Hölder spaces.
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Proof of Lemma 4.3. Fix p > 2. We will apply Theorem 3.3 to the process
At :=
∫ t
0
f (BHr ) dr, t ∈ [0, 1].
As usual, we write As,t := At − As. Let us check that all the conditions of that theorem hold
withm = 4
It is very easy to see that
‖As,t‖Lp∨4(Ω) 6 ‖f‖C0 |t− s|.
Thus (3.12) holds. By Proposition 3.6 (iii) and Proposition 3.7 (i) we have for some N1 =
N1(d, α,H) (recall that by assumptions α 6 0)
|EsAs,t| 6
∫ t
s
|Pc2(s,r)f (EsBHr )|dr 6 N1‖f‖Cα(t− s)Hα+1. (4.11)
Hence
‖EsAs,t‖Lp(Ω) 6 N1‖f‖Cα(t− s)Hα+1
and condition (3.14) is met. We want to stress here that the constant N1 here does not depend on
p (this happens thanks to the a.s. bound (4.11); it will be crucial later in the proof)
Thus, it remains to check conditions (3.13) and (3.15). Fix 0 6 s 6 u 6 t 6 1. Using
Proposition 3.6 (iii), we get
E
sAu,t − EuAu,t =
∫ t
u
(Pc2(s,r)f (E
sBHr )− Pc2(u,r)f (EuBHr )) dr
=
∫ t
u
(Pc2(s,r)f (E
sBHr )− Pc2(s,r)f (EuBHr )) dr
+
∫ t
u
(Pc2(s,r)f (E
uBHr )− Pc2(u,r)f (EuBHr )) dr
=: I1 + I2. (4.12)
Note that by Proposition 3.6 (ii), the random vector EuBHr −EsBHr is independent ofFs. Taking
this into account and applying the conditional Minkowski inequality, we get(
E
s|I1|4
) 1
4
6
∫ t
u
(
E
s[Pc2(s,r)f (E
sBHr )− Pc2(s,r)f (EuBHr )]4
) 1
4
dr
6
∫ t
u
gr(E
sBHr ) dr, (4.13)
where for x ∈ Rd, r ∈ [u, t] we denoted
gr(x) := ‖Pc2(s,r)f (x)− Pc2(s,r)f (x+ EuBHr − EsBHr )‖L4(Ω).
By Proposition 3.6 (ii), the random vector EuBHr − EsBHr is Gaussian and consists of d inde-
pendent components with each component of mean 0 and variance v(s, u, t) (recall its definition
in (3.22)). Hence Proposition 3.7 (iv) yields now for some N2 = N2(d, α,H) and all x ∈ Rd,
r ∈ [u, t]
gr(x) 6 N2‖f‖Cα(u− s)
1
2 (r − u)Hα− 12 .
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Substituting this into (4.13), we finally get(
E
s|I1|4
) 1
4
6 N2‖f‖Cα(u− s)
1
2
∫ t
u
(r− u)Hα− 12 dr 6 N3‖f‖Cα(u− s)
1
2 (t−u)Hα+ 12 , (4.14)
for some N3 = N3(d, α,H) where we used that, by assumptions, Hα− 1/2 > −1.
Similarly, using Proposition 3.7 (iii) with β = 0, we get for some N4 = N4(d, α,H)
|I2| 6 N‖f‖Cα(u− s)
1
2
∫ t
u
(r − u)Hα− 12 dr 6 N4‖f‖Cα(u− s)
1
2 (t− u)Hα+ 12 , (4.15)
where again we used that, by assumptions, Hα − 1/2 > −1. We stress that both N3, N4 do not
depend on p.
Now to verify (3.13), we note that by (4.12), (4.14),(4.15), we have
‖EsAu,t − EuAu,t‖L4(Ω) 6 ‖I1‖L4(Ω) + ‖I2‖L4(Ω)
6 (E[Es|I1|4])
1
4 + ‖I2‖L4(Ω)
6 (N3 +N4)‖f‖Cα(u− s)
1
2 . (4.16)
Thus, condition (3.13) holds.
In a similar manner we check (3.15). We have
E
s[|EsAu,t − EuAu,t|2] 6 2Es|I1|2 + 2Es|I2|2 6 2(Es|I1|4)1/2 + 2Es|I2|2
6 2(N23 +N
2
4 )‖f‖2Cα(u− s)(t− u)2Hα+1.
Thus,
‖Es[|EsAu,t − EuAu,t|2]‖Lp/2(Ω) 6 2(N
2
3 +N
2
4 )‖f‖2Cα(u− s)(t− u)2Hα+1
and the constant 2(N23 +N
2
4 ) does not depend on p. Therefore condition (3.15) holds.
Thus all the conditions of Theorem 3.3 hold. The statement of the theorem follows now from
(3.16).
To establish the regularization bound we need the following simple corollary of the above
lemma.
Corollary 4.5. Let H ∈ (0, 1), δ ∈ (0, 1], α− δ ∈ (−1/(2H), 0]. Let f ∈ C∞. Then there exists
a constant N = N (d, α,H, δ) such that for any p > 2, s, t ∈ [0, 1], x, y ∈ Rd we have∥∥∥∫ t
s
(f (BHr + x)− f (BHr + y)) dr
∥∥∥
Lp(Ω)
6 N
√
p‖f‖Cα(t− s)H(α−δ)+1|x− y|δ. (4.17)
Proof. Fix x, y ∈ Rd. Consider a function g(z) := f (z + x) − f (z + y), z ∈ Rd. Then, by
Lemma 4.3∥∥∥∫ t
s
(f (BHr + x)− f (BHr + y)) dr
∥∥∥
Lp(Ω)
=
∥∥∥∫ t
s
g(BHr ) dr
∥∥∥
Lp(Ω)
6 N
√
p‖g‖Cα−δ (t− s)H(α−δ)+1.
The corollary follows now immediately from Proposition 3.8.
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The next lemma provides a pathwise version of bound (4.17). It also allows to replace fractional
Brownian motion by fractional Brownian motion with a drift.
Lemma 4.6. Let H ∈ (0, 1), α > 1 − 1/(2H), α ∈ [0, 1], f ∈ C∞. Let ψ : Ω × [0, 1] → Rd be
an F–adapted process such that ψ0 is deterministic and for some R > 0
‖ψ‖C1([0,1],Rd) 6 R, a.s. (4.18)
Suppose that for some ρ > H + 1/2 we have for any λ > 0
E exp (λ‖ψ‖2Cρ([0,1],Rd)) =: G(λ) <∞. (4.19)
Then for anyM > 0, ε > 0, ε1 > 0 there exists a constant N = N (d, α,H, ε, ε1 , G,R,M ) and a
random variable ξ finite almost everywhere such that for any s, t ∈ [0, 1], x, y ∈ R, |x|, |y| 6 M
we have∣∣∣∫ t
s
(f (BHr + ψr + x)− f (BHr + ψr + y)) dr
∣∣∣ 6 ξ‖f‖Cα(t− s)H(α−1)+1−ε|x− y| (4.20)
and
E exp(ξ2−ε1) < N <∞. (4.21)
Proof. First we consider the case ψ ≡ 0. Fix ε, ε1 > 0. By the fundamental theorem of calculus
we observe that for any x, y ∈ Rd, 0 6 s 6 t 6 1∫ t
s
(f (BHr + x)− f (BHr + y)) dr = (x− y) ·
∫ 1
0
∫ t
s
∇f (BHr + θx+ (1− θ)y) dr dθ. (4.22)
Consider the process
F (t, z) :=
∫ t
0
∇f (BHr + z) dr.
Take δ > 0 such that α − 1 − δ > 1/(2H). By Lemma 4.3 and Corollary 4.5, there exists
N1 = N1(α, d,H, δ) such that for any p > 2, s, t ∈ [0, 1], x, y ∈ Rd we have
‖F (t, x)− F (s, y)‖Lp(Ω) 6 ‖F (t, x)− F (s, x)‖Lp(Ω) + ‖F (s, x)− F (s, y)‖Lp(Ω)
6 N1
√
p‖∇f‖Cα−1((t− s)H(α−1)+1 + |x− y|δ).
We stress that N1 does not depend on p. Taking into account that the process F is continuous
(because f ∈ C∞), we derive from the above bound and the Kolmogorov continuity theorem
([Kun97, Theorem 1.4.1]) that for any p large enough one has
sup
x,y∈Rd,|x|,|y|6M
s,t∈[0,1]
|F (t, x)− F (s, y)|
(t− s)H(α−1)+1−ε + |x− y|δ/2 =: ξ‖f‖Cα <∞ a.s., (4.23)
and ‖ξ‖Lp(Ω) 6 NN1√p, where N = N (α, d,H, δ, ε,M ). Since N and N1 do not depend on p,
we see that by the Stirling formula
E exp(ξ2−ε1) =
∞∑
n=0
Eξn(2−ε1)
n!
6
∞∑
n=0
(NN1)
n(2−ε1)nn(1−ε1/2)
n!
<∞ (4.24)
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Therefore we obtain from (4.22) that for any x, y ∈ Rd, |x|, |y| 6 M we have
∣∣∣∫ t
s
(f (BHr + x)− f (BHr + y)) dr
∣∣∣
6 |x− y|
∫ 1
0
|(F (t, θx+ (1− θ)y)− F (s, θx+ (1− θ)y))| dθ
6 ξ‖f‖Cα(t− s)H(α−1)+1−ε|x− y|. (4.25)
Now we consider the general case. Assume that the function ψ satisfies (4.19). Then by
Proposition 3.10, bound (3.29) and assumption (4.19) the process
B˜t := Bt + ψt − ψ0
is a fractional Brownian motion with Hurst parameter H under some probability measure P˜
equivalent to P. This yields from (4.25) (we apply this bound withM + |ψ0| in place ofM )∣∣∣∫ t
s
(f (BHr + ψr + x)− f (BHr + ψr + y)) dr
∣∣∣ = ∣∣∣∫ t
s
(f (B˜Hr + x+ ψ0)− f (B˜Hr + y + ψ0)) dr
∣∣∣
6 η‖f‖Cα |x− y|
where η is a random variable with EP˜ exp(η2−ε1 ) < ∞. Note that we have used here our
assumption that ψ0 is non-random. The latter implies that for any ε2 > ε1
E
P exp(η2−ε2) = EP˜
[
exp(η2−ε2)
dP
dP˜
]
6
(
E
P˜ exp(2η2−ε2 )
)1/2(
E
P
dP
dP˜
)1/2
6
(
E
P˜ exp(2η2−ε2 )
)1/2
eNREP exp(N‖ψ‖2Cρ([0,1],Rd))
where the last inequality follows from (3.27) and (3.29). This concludes the proof of the theorem.
Now we are ready to present the main result of this subsection, the regularization lemma.
Lemma 4.7. Let H ∈ (0, 1), α > 1 − 1/(2H), α ∈ [0, 1], p > 2, f ∈ Cα, ε, ε1 > 0. Let
τ ∈ (H(1−α), 1). Letϕ,ψ : Ω× [0, 1] → Rd be F–adapted processes satisfying condition (4.18).
Assume that ψ satisfies additionally (4.19) for some ρ > H + 1/2, ρ ∈ [0, 1]. Suppose that ψ0
and ϕ0 are deterministic.
Then there exists a constant N = N (H,α, p, d, τ,G,R, ε, ε1) such that for any L > 0, and
any s, t ∈ [0, 1] we have
∥∥∥∫ t
s
(f (BHr + ϕr)− f (BHr + ψr)) dr
∥∥∥
Lp(Ω)
6 NL‖f‖Cα(t− s)H(α−1)+1−ε(‖ϕs − ψs‖Lp(Ω) + ‖[ϕ− ψ]Cτ ([s,t])‖Lp(Ω)(t− s)τ )
+N‖f‖C0 |t− s| exp(−L2−ε1). (4.26)
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Proof. We begin with assuming further that f ∈ C∞(Rd,Rd). FixS, T ∈ [0, 1]6, ε1 > 0. Choose
any ε > 0 small enough such that
H(α− 1)− ε+ τ > 0. (4.27)
Let us apply the deterministic sewing lemma (Proposition 3.1) to the process
As,t :=
∫ t
s
(f (BHr + ψr + ϕs − ψs)− f (BHr + ψr)) dr, (s, t) ∈ [S, T ]6.
Let us check that all the conditions of the above lemma are satisfied.
First, the process A is clearly continuous, since f is bounded. Then, using Lemma 4.6 with
M := 4R, we derive that for any S 6 s 6 u 6 T there exists a random variable ξ with
E exp(ξ2−ε1) 6 N = N (d, α,H, ε, ε1 , G, |ϕ0|, |ψ0|, R) <∞ such that
|δAs,u,t| =
∣∣∣∫ t
u
(f (BHr + ψr + ϕu − ψu)− f (BHr + ψr + ϕs − ψs)) dr
∣∣∣
6 ξ‖f‖Cα |(ψu − ϕu)− (ψs − ϕs)|(t− s)H(α−1)+1−ε
6 ξ‖f‖Cα[ψ − ϕ]Cτ ([S,T ])(t− s)H(α−1)+1−ε+τ .
Since, by (4.27),H(α− 1) + 1− ε+ τ > 1, we see that condition (3.5) is satisfied. Thus, all the
conditions of Proposition 3.1 hold. By setting now
At :=
∫ t
s
(f (BHr + ϕr)− f (BHr + ψr)) dr,
we see that for S 6 s 6 t 6 T
|At −As −As,t| =
∣∣∣∫ t
s
(f (BHr + ϕr)− f (BHr + ψr + ϕs − ψs)) dr
∣∣∣∣∣∣
6 ‖f‖C1[ψ − ϕ]Cτ ([S,T ])|t− s|1+τ .
Thus, the process A satisfies (3.6). Proposition 3.1 implies now that for any S 6 s 6 t 6 T∣∣∣∫ t
s
(f (BHr + ϕr)− f (BHr + ψr)) dr
∣∣∣
6 |As,t|+Nξ‖f‖Cα[ψ − ϕ]Cτ ([S,T ])(t− s)H(α−1)+1−ε+τ
6 Nξ‖f‖Cα(t− s)H(α−1)+1−ε(|ψ − ϕ|C0([S,T ]) + [ψ − ϕ]Cτ ([S,T ])(t− s)τ ),
where the bound on |As,t| follows again from Lemma 4.6. By putting in the above bound s = S
and t = T and using that|ψ − ϕ|C0([S,T ]) 6 |ψS − ϕS | + [ψ − ϕ]Cτ ([S,T ])(t− s)τ , we obtain for
S, T ∈ [0, 1]6∣∣∣∫ T
S
(f (BHr + ϕr)− f (BHr + ψr)) dr
∣∣∣
6 Nξ‖f‖Cα(T − S)H(α−1)+1−ε(|ψS − ϕS |+ [ψ − ϕ]Cτ ([S,T ])(T − S)τ ).
On the other hand, we have the following trivial bound.∣∣∣∫ T
S
(f (BHr + ϕr)− f (BHr + ψr)) dr
∣∣∣ 6 N‖f‖C0 |T − S|.
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Combining these two bounds and applying Chebyshev inequality, we finally get (4.26) for the case
of smooth f .
Now we are ready to remove the extra assumption on the smoothness of f . Let us set
fn = P1/nf ∈ C∞. By applying the statement of the lemma to fn and using that ‖fn‖Cβ 6 ‖f‖Cβ
for β = α, 0 we get
∥∥∥∫ t
s
(fn(B
H
r + ϕr)− fn(BHr + ψr)) dr
∥∥∥
Lp(Ω)
6 NL‖f‖Cα(t− s)H(α−1)+1−ε(‖ϕs − ψs‖Lp(Ω) + ‖[ϕ− ψ]Cτ ([s,t])‖Lp(Ω)(t− s)τ )
+N‖f‖C0 |t− s| exp(−L2−ε1). (4.28)
If α > 0, then fn(x) → f (x) for all x ∈ Rd and the claim follows by Fatou’s lemma. So we
only have to consider the case α = 0. Clearly, it suffices to show that for each r > 0, almost surely
(fn(B
H
r + ϕr)− fn(BHr + ψr)) → (f (BHr + ϕr)− f (BHr + ψr)),
as n → ∞. Notice that almost surely fn(BHr ) → f (BHr ) as n → ∞, since the law of BHr is
absolutely continuous (for r > 0). Moreover, since α = 0, we have by assumption that H < 1/2.
By Proposition 3.10 (recall that ϕ satisfies (4.18), therefore is Lipschitz) there exists a neasure
equivalent to P under whichBH +ϕ is a fractional brownian motion. Consequently, for all r > 0,
almost surely
fn(B
H
r + ϕr) → f (BHr + ϕr),
as n→∞. With the same reasoning we obtain that almost surely fn(BHr + ψr) → f (BHr + ψr).
The lemma is now proved.
4.3. Proof of Theorem 2.1
Proof. Without loss of generality we assume α 6= 1. Let us denote
ψt := x0 +
∫ t
0
b(Xr) dr, ψ
n
t := x
n
0 +
∫ t
0
b(Xnκn(r)) dr, t ∈ [0, 1].
Fix ε > 0 such that
ε <
1
2
+H(α− 1). (4.29)
By assumption (2.5) such ε exists. Fix now large enough p > 2 such that
d/p < ε/2. (4.30)
Fix 0 6 S 6 T 6 1. Then, taking into account (4.7), for any S 6 s 6 t 6 T we have
‖(ψt − ψs)− (ψnt − ψns )‖Lp(Ω) =
∥∥∥∫ t
s
(b(Xr)− b(Xnκn(r))) dr
∥∥∥
Lp(Ω)
(4.31)
6
∥∥∥∫ t
s
(b(Xr)− b(Xnr )) dr
∥∥∥
Lp(Ω)
+N |t− s|1/2+εn−γ+ε.
Let M > 1 be a parameter to be fixed later. We wish to apply Lemma 4.7 with ψn in place of
ϕ, 1
2
+H(α − 1) − ε in place of ε, and τ := 1/2 + ε/2. Let us check that all the conditions of
this lemma are satisfied. First, we note that by (4.29) we have 1
2
+H(α − 1) − ε > 0, which is
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required by the assumptions of the lemma. Second, we note that 1/2+ ε/2 > H(1−α) thanks to
(2.5), thus this choice of τ is allowed. Next, it is clear that ψ0 and ψn0 are deterministic. Further,
since the function b is bounded, we see ψ and ψn satisfy (4.18). Finally, let us verify that ψ
satisfies (4.19). IfH < 1/2, this condition holds automatically thanks to the boundedness of b. If
H > 1/2 then pick H ′ ∈ (0,H) such that
αH ′ > H − 1
2
. (4.32)
Note that such H ′ exists thanks to assumption (2.5). Then, by definition of ψ, we clearly have
[ψ]C1+αH′ 6 |x0|+ ‖b‖C0 + [b(X·)]CαH′ 6 |x0|+ ‖b‖C0 + ‖b‖αC0 + [BH ]αCH′ .
Therefore for any λ > 0 we have
Ee
λ[ψ]2
C1+αH
′
6 N (|x0|, ‖b‖C0 )E exp([BH ]2αCH′ ) <∞.
By taking ρ := 1 + αH ′ and recalling (4.32), we see that ρ > H + 1/2 and thus condition (4.19)
holds. Therefore all conditions of Lemma 4.7 are met. Applying this lemma, we get∥∥∥∫ t
s
(b(Xr)− b(Xnr )) dr
∥∥∥
Lp(Ω)
=
∥∥∥∫ t
s
(b(BHr + ψr)− b(BHr + ψnr )) dr
∥∥∥
Lp(Ω)
6 MN |t− s| 12+ε‖ψS − ψnS‖Lp(Ω)
+MN |t− s|1+3ε/2‖[ψ − ψn]C1/2+ε/2([s,t])‖Lp(Ω) +N exp(−M2−ε0)|t− s|
6 MN |t− s| 12+ε‖ψS − ψnS‖Lp(Ω)
+MN |t− s|1+3ε/2[]ψ − ψn[]
C
1/2+ε
p ,[s,t]
+N exp(−M2−ε0)|t− s|,
where the last inequality follows from the Kolmogorov continuity theorem and (4.30). Using this
in (4.31), dividing by |t − s|1/2+ε and taking supremum over S 6 s 6 t 6 T , we get for some
N1 > 1 independent ofM , n
[]ψ − ψn[]
C
1/2+ε
p ,[S,T ]
6MN1‖ψS − ψnS‖Lp(Ω) +MN1|T − S|1/2+ε/2[]ψ − ψn[]C 1/2+εp ,[S,T ]
+N1n
−γ+ε +N1 exp(−M2−ε0). (4.33)
Fix now m to be the smallest integer so that N1Mm−1/2−ε/2 6 1/2 (we stress that m does not
depend on n). One gets from (4.33)
[]ψ−ψn[]
C
1/2+ε
p ,[S,S+1/m]
6 2MN1‖ψS−ψnS‖Lp(Ω)+2N1n−γ+ε+2N1 exp(−M2−ε0), (4.34)
and thus
‖ψS+1/m − ψnS+1/m‖Lp(Ω) 6 2MN1‖ψS − ψnS‖Lp(Ω) + 2N1n−γ+ε + 2N1 exp(−M2−ε0).
Starting from S = 0 and applying the above bound k times, k = 1, . . . ,m, one can conclude
‖ψk/m − ψnk/m‖Lp(Ω) 6 (2MN1)k
(
‖ψ0 − ψn0 ‖Lp(Ω) + 2N1n−γ+ε ++2N1 exp(−M2−ε0)
)
6 (2MN1)
m
(
|x0 − xn0 |+ 2N1n−γ+ε + 2N1 exp(−M2−ε0)
)
.
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Substituting back into (4.34), we get
[]ψ − ψn[]
C
1/2+ε
p ([0,1])
6 m sup
k=1,...,m
[]ψ − ψn[]
C
1/2+ε
p ([k/m,(k+1)/m])
6 (2N1M )
m+5
(
|x0 − xn0 |+N1n−γ+ε +N1 exp(−M2−ε0)
)
. (4.35)
It follows from the definition of m that m 6 2N21M
2−ε. At this point we choose ε0 = ε/2
and note that for some universal constant N2 one has
(2N1M )
m+5 = e(m+5) log(2N1M ) 6 e(2N
2
1M
2−ε+5) log(2N1M ) 6 N2e
1
2
M2−ε/2 .
Thus, we can continue (4.35) as follows.
[]ψ−ψn[]
C
1/2+ε
p ([0,1])
6 eN3M
2−ε logM
(
|x0−xn0 |+N1n−γ+ε
)
+N1N2 exp(−1
2
M2−ε/2). (4.36)
Fix now δ > 0 and choose N4 = N4(δ) such that for allM > 0 one has
exp(
1
2
M2−ε/2) > N4e
δ−1N3M2−ε logM .
It remains to notice that by choosing M > 1 such that
eN3M
2−ε logM = nδ,
one has
e−
1
2
M2−ε/2
6 Nn−1.
Substituting back to (4.36) and sinceX−Xn = ψ−ψn, we arrive to the required bound (2.6).
5. Malliavin calculus for the Euler-Maruyama scheme
In the multiplicative standard Brownian case, we first consider Euler-Maruyama schemes without
drift: for any y ∈ Rd define the process X¯n(y) by
dX¯nt (y) = σ(X¯
n
κn(t)(y)) dBt, X¯
n
0 = y. (5.1)
This process will play a similar role as BH in the previous section. Similarly to the proof Lemma
4.1, we need sharp bounds on the conditional distribution of X¯nt given Fs, which can be obtained
from bounds of the density of X¯nt . A trivial induction argument yields that for t > 0, X¯
n
t indeed
admits a density, but to our knowledge such inductive argument can not be used to obtain useful
quantitative information.
While the densities of Euler-Maruyama approximations have been studied in the literature, see
e.g. [GK96, BT96], none of the available estimates suited well for our purposes. Therefore our
goal is to establish the following bounds.
Theorem 5.1. Let σ satisfy (2.8), X¯n be the solution of (5.1), and let G ∈ C1. Then for all
t = 1/n, 2/n, . . . , 1 and k = 1, . . . , d one has the bound
|E∂kG(X¯nt )| 6 N‖G‖C0t−1/2 +N‖G‖C1e−cn (5.2)
with some constant N = N (d, λ, ‖σ‖C2 ) and c = c(d, ‖σ‖C2 ) > 0.
We will prove Theorem 5.1 via Malliavin calculus. In our discrete situation, of course this
could be translated to finite dimensional standard calculus, but we find it more instructive to follow
the basic terminology of [Nua06], which we base on the lecture notes [Hai16].
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5.1. Definitions
DefineH = {h = (hi)i=1,...,n : hi ∈ Rd}, with the norm
‖h‖2H =
1
n
n∑
i=1
|hi|2 = 1
n
n∑
i=1
d∑
k=1
|hki |2.
One can obtain a scalar product from ‖ · ‖H , which we denote by 〈·, ·〉H . Let us also denote
I = {1, . . . , n}×{1, . . . , d}. One can of course viewH as a copy of RI , with a rescaled version
of the usual ℓ2 norm. We denote by e(i,k) the element of H whose elements are zero apart from
the i-th one, which is the k-th unit vector of Rd. Set ∆W(i,k) = W ki/n −W k(i−1)/n. Then for any
R-valued random variable X of the form
X = F (∆W(i,k) : (i, k) ∈ I),
where F is a differentiable function, with at most polynomially growing derivative, the Malliavin
derivative of X is defined as the H-valued random variable
DX :=
∑
(i,k)∈I
(Dki X)e(i,k) :=
∑
(i,k)∈I
∂(i,k)F (∆W(i,k) : (j, ℓ) ∈ I)e(i,k).
In the sequelwe also use thematrix normonRd×d defined in the usualway‖M‖ = supx∈Rd,|x|=1 |Mx|.
Recall that if M is positive semidefinite, then one has ‖M‖ = supx∈Rd,|x|=1 x∗Mx. It follows
that ‖ · ‖ is monotone increasing with respect to the usual order  on the positive semidefinite
matrices.
The following few properties are true in far larger generality, for the proofs we refer to [Hai16].
One easily sees that the derivative D satisfies the chain rule DG(X) = ∇G(X) · DX. The
operator D is closable, and its closure will also be denoted by D , whose domain we denote by
W ⊂ L2(Ω). The adjoint of D is denoted by δ. One then has that the domain of δ is included in
W(H) and the following identity holds:
E|δu|2 = E‖u‖2H + E
1
n2
∑
(i,k),(j,m)∈I
(Dki u
m
j )(D
m
j u
k
i ). (5.3)
5.2. Stochastic difference equations
First let us remark that the equation (5.1) does not define an invertible stochastic flow: indeed, for
any t > 0, y → X¯nt (y) may not even be one-to-one. Therefore in order to invoke arguments from
the Malliavin calculus for diffusion processes, we consider a modified process equation that does
define an invertible flow. Unfortunately, this new process will not have a density, but its singular
part (as well as its difference from the original process) is exponentially small.
Take a smooth function ̺ : R → R such that ̺(r) = 1 for |r| 6 (4‖σ‖C1d2)−1, ̺(r) = 0 for
|r| > (2‖σ‖C1d2)−1, and that satisfies |∂k̺| 6 N for k = 0, . . . , 3 with some N = N (d, ‖σ‖C1 ).
Define the recursion, for x ∈ Rd and j = 1, . . . , n
X kj (x) = X kj−1(x) +
d∑
ℓ=1
σkℓ(Xj−1(x))̺(∆W(j,ℓ)), X0(x) = x. (5.4)
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By our definition of ̺, for any j, (5.4) defines a diffeomorphism from Rd to Rd by x→ Xj(x). It
is easy to see that its Jacobian Jj(x) = (J
m,k
j (x)) = (∂xmX kj (x)) satisfies the recursion
Jm,kj (x) = J
m,k
j−1 (x) +
d∑
q=1
Jm,qj−1(x)
[ d∑
ℓ=1
∂qσ
kℓ(Xj−1(x))̺(∆W(j,ℓ))
]
, J0(x) = id.
It is also clear that Dki Xmj = 0 for j < i, while for j > i we have the recursion
D
m
i X kj (x) = Dmi X kj−1(x) +
d∑
q=1
D
m
i X qj−1(x)
[ d∑
ℓ=1
∂qσ
kℓ(Xj−1(x))̺(∆W(j,ℓ))
]
,
D
m
i X ki = σkm(Xi−1)(x)̺′(∆W(i,m)).
From now on we will usually suppress the dependence on x in the notation. Save for the initial
conditions, the two recursions coincide for the matrix-valued processes J· and DiX·. Since the
recursion is furthermore linear, j 7→ J−1j DiXj is constant in time. In particular, for j > i > 1,
J−1j DiXj = J−1i σ(Xi−1)̺′(∆W(i,m)),
or, with the notation Ji,j = JjJ
−1
i ,
DiXj = Ji,jσ(Xi−1)̺′(∆W(i,m)).
Let us now define the event Ωˆ ⊂ Ω by
Ωˆ = {̺(∆W(i,k)) = ∆W(i,k),∀(i, k) ∈ I}
as well as the (matrix-valued) random variables Di,j by
Di,j = Ji,jσ(Xi−1). (5.5)
Clearly, on Ωˆ, Di,j = DiXj . Note that for fixedm one may view D·,m·,j as an element of H , while
for fixed i one may view Di,j as a d × d matrix. One furthermore has the following exponential
bound on Ωˆ.
Proposition 5.2. With some N and c > 0 depending only on d and ‖σ‖C1 , one has P(Ωˆ) >
1−Ne−cn.
Proof. For each (i, k) ∈ I , since ∆W(i,k) is zero mean Gaussian with variance n−1, one has
P(̺(∆W(i,k)) 6= ∆W(i,k)) 6 P(|∆W(i,k)| > (4‖σ‖C1d2)−1) 6 N ′e−c
′n
with some N ′ and c′ > 0 depending only on d and ‖σ‖C1 , by the standard properties of the
Gaussian distribution. Therefore,
P(Ωˆ) > (1−N ′e−c′n)nd > 1−
n∑
k=1
(
n
k
)
N ′e−c
′kn
> 1−N ′e−(c′/2)n
n∑
k=1
(ne−(c
′/2)n)k > 1−Ne−(c′/2)n.
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We now fix (j, k) ∈ I , G ∈ C∞c , and we aim to bound |E∂kG(Xj )| in terms of t := j/n and
‖G‖0, and some additional exponentially small error term. To this end, we define the Malliavin
matrix M
M
m,q = 〈D·,m·,j ,D·,q·,j 〉H =
1
n
∑
(i,v)∈I
Dv,mi,j Dv,qi,j .
As we will momentarily see (see (5.21)), M is invertible. Define
Y =
d∑
m=1
(D·,m·,j )(M−1)m,k ∈ H.
One then has by the chain rule that on Ωˆ, ∂kG(Xj) = 〈DG(Xj), Y 〉H . Therefore,
E∂kG(Xj) = E〈DG(Xj), Y 〉H + E∂kG(Xj)1Ωˆc − E〈DG(Xj), Y 〉H1Ωˆc
= E(G(Xj), δY ) + E∂kG(Xj)1Ωˆc − E〈DG(Xj), Y 〉H1Ωˆc
=: E(G(Xj), δY ) + I1 + I2. (5.6)
Recalling (5.3), one has
E|δY |2 6 E‖Y ‖2H + E
1
n2
∑
(i,q),(r,m)∈I
(D
q
i Y
m
r )(D
m
r Y
q
i ). (5.7)
Theorem 5.1 will then follow easily once we have the appropriate moment bounds of the objects
above. Recall the notation t = j/n.
Lemma 5.3. Assume the above notations and let σ satisfy (2.8). Then for any p > 0, one has the
bounds
E sup
i=1,...,j
‖Ji,j(x)‖p + E sup
16i6j
‖J−1i,j (x)‖p 6 N, (5.8)
E sup
i=1,...,j
‖Di,j(x)‖p 6 N, (5.9)
E‖M−1(x)‖p 6 Nt−p, (5.10)
sup
i=1,...,j
E sup
r=1,...,j
‖DiYr(x)‖p 6 Nt−p. (5.11)
for all x ∈ Rd, with some N = N (p, d, λ, ‖σ‖C2 ).
Proof. As we before we omit the dependence on x ∈ Rd in order to ease the notation. We first
bound the moments of supj ‖Jj‖. Recall that we have the recursion
Jj = Jj−1(I + Γj/n), (5.12)
where the matrix Γt = (Γt)dq,k=1 is given by
Γq,kt =
d∑
ℓ=1
∂qσ
kℓ(Xnkn(t))̺(W ℓt −W ℓkn(t)), (5.13)
By Itô’s formula it follows that
̺(W ℓt −W ℓκn(t)) =
∫ t
κn(t)
̺′(W ℓs −W ℓκn(t)) dW ℓs +
1
2
∫ t
κn(t)
̺′′(W ℓs −W ℓκn(t)) ds.
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Consequently, for j = 0, . . . , n we have that Jj = Zj/n, where the matrix-valued process Zt
satisfies
dZt =
d∑
q=1
Zκn(t)At dt+
d∑
ℓ=1
Zκn(t)BℓtdW ℓt , Z0 = I, (5.14)
with matrices As = (Aq,ks )dq,k=1 and Bℓs = (Bℓ,q,ks )dq,k=1 given by
Aq,ks =
1
2
d∑
ℓ=1
∂qσ
kℓ(Xnκn(s))̺′′(W ℓs −W ℓκn(s))
Bℓ,q,ks = ∂qσkℓ(Xnκn)̺′(W ℓs −W ℓκn(s)).
Notice that there exists a constant N = N (‖σ‖C1 , ‖̺‖C2 ) such that almost surely, for all (t, x) ∈
[0, 1] × Rd
‖At‖+
d∑
ℓ=1
‖Bℓt‖ 6 N. (5.15)
This bound combined with the fact that Zt satisfies (5.14) imply the bounds
E sup
t61
‖Zt‖p 6 N
for all p > 0. Hence,
E sup
j=1,..,n
‖Jj‖p 6 E sup
t61
‖Zt‖p 6 N. (5.16)
We now bound the moments of supj ‖J−1j ‖. By (5.12) we get
J−1j = (I + Γj/n)
−1J−1j−1 (5.17)
Recall that for t ∈ [(j − 1)/n, j/n]
Γt =
∫ t
(j−1)/n
As ds+
d∑
ℓ=1
∫ t
(j−1)/n
Bℓs dW ℓs ,
and that by the definition of ̺ and (5.13), for all t ∈ [0, T ], the matrix I +Γt is invertible. Hence,
by Itô’s formula, we have for t ∈ [(j − 1)/n, j/n]
(I + Γt)
−1 = I +
∫ t
(j−1)/n
A˜s ds+
d∑
ℓ=1
∫ t
(j−1)/n
B˜ℓs dW ℓs , (5.18)
with
A˜s =
d∑
ℓ=1
(I + Γs)
−1Bℓs(I + Γs)−1Bℓs(I + Γs)−1 − (I + Γs)−1As(I + Γs)−1,
B˜ℓs = (I + Γs)−1Bℓs(I + Γs)−1.
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Moreover, by definition or ̺, almost surely, for all (t, x) ∈ [0, T ]× Rd one has
‖A˜t‖+
d∑
ℓ=1
‖B˜ℓt‖ 6 N. (5.19)
By (5.17) and (5.18), for j = 1, ..., n we have that J−1j = Z˜j/n, where the matrix valued process
Z˜t is defined by
dZ˜t = A˜tZ˜kn(t) dt+
d∑
ℓ=1
B˜ℓt Z˜kn(t) dW ℓs , Z˜0 = I.
By this and the bounds (5.19) we have the bounds
E sup
t61
‖Z˜t‖p 6 N
for all p > 0. Consequently,
E sup
j=1,...,n
‖J−1j ‖p 6 E sup
t61
‖Z˜t‖p 6 N. (5.20)
Finally, from (5.16) and (5.20) we obtain (5.8).
The bound (5.9) immediately follows from (5.8) and the boundedness of σ.
Next, we show (5.10). On the set of positive definite matrices we have that on one hand,
matrix inversion is a convex mapping, and on the other hand, the function ‖ · ‖p is a convex
increasing mapping for p > 1. It is also an elementary fact that if B  λI , then ‖(ABA∗)−1‖ 6
λ−1‖(AA∗)−1‖. One then writes
‖M−1‖p =
(n
j
)p∥∥∥(1
j
j∑
i=1
[Ji,jσ(Xi−1)][Ji,jσ(Xi−1)]∗
)−1∥∥∥p
6 t−p
1
j
j∑
i=1
‖([Ji,jσ(Xi−1)][Ji,jσ(Xi−1)]∗)−1‖p
6 λ−pt−p
1
j
j∑
i=1
‖J−1i,j ‖2p
6 λ−pt−p sup
i=1,...,j
‖J−1i,j ‖2p. (5.21)
Therefore (5.10) follows from (5.8)
We now move to the proof of (5.11). First of all, notice that the above argument yields
sup
i=1,...,n
E sup
j=1,...,n
‖DiXj‖p 6 N. (5.22)
for all p > 0. Indeed, the proof of this is identical to the proof of (5.16) since (DiXj)j>i has
the same dynamics as (Jj)j>0 and initial condition Dki Xmi = σkm(Xi−1)̺′(∆W(i,m)) which is
bounded. Recall that
Yr =
d∑
m=1
(D·,mr,j )(M−1)m,k.
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By Leibniz’s rule, for each i, r ∈ {0, .., n}, DiY r is a Rd ⊗Rd-valued random variable given by
DiYr =
d∑
m=1
(DiD·,mr,j )(M−1)m,k +
d∑
m=1
D·,mr,j ⊗Di(M−1)m,k (5.23)
We start with a bound for supr ‖DiDr,j‖. By definition of Di,j we have that
DiDr,j = (DiJj)J−1r σ(Xr−1) + Jj(DiJ−1r )σ(Xr−1) + JjJ−1r (Diσ(Xr−1)), (5.24)
where for A ∈ (Rd)⊗2, B ∈ (Rd)⊗3, the product AB or BA is an element of (Rd)⊗3 that arises
by considering B as a d× dmatrix whose entries are elements of Rd. We estimate the term DiJj .
As before, we have that DiJj = DiZj/n, where Z is given by (5.14). We have that DiZt = 0 for
t < i/n while for t > i/n the process DiZt =: Z it satisfies
Z
i
t =
(
Z
i
kn(t)At + Zkn(t)DiAt
)
dt+
d∑
ℓ=1
(
Z
i
kn(t)Bℓt + Zkn(t)DiBℓt
)
dW ℓt (5.25)
Z
i
i/n = Zi/n
d∑
ℓ=1
Bℓi/n
By the chain rule and (5.22) it follows that for p > 0 there existsN = N (‖σ‖C2 , ‖̺‖C3 , d, p) such
that
sup
i=1,...,n
E
(
sup
t61
‖DiAt‖p +
d∑
ℓ=1
sup
t61
‖DiBℓt‖p
)
6 N (5.26)
This combined with (5.16) shows that for the free-terms of (5.25) we have
sup
i=1,...,n
E
(
sup
t61
‖Zkn(t)DiAt‖p +
d∑
ℓ=1
sup
t61
‖Zkn(t)DiBℓt‖p
)
6 N.
The last one along with (5.15) and (5.16) imply that
sup
i=1,...,n
E sup
j=1,...,n
‖DiJj‖p 6 sup
i=1,...,n
E sup
i/n6t61
‖Z it ‖p 6 N. (5.27)
This in turn, combined with (5.20) and the boundedness of σ, imply that
sup
i=1,...,n
E sup
r=1,...,n
‖(DiJj)J−1r σ(Xr−1)‖p 6 N.
Next, by the chain rule we have
‖Jj(DiJ−1r )σ(Xr−1)‖ 6 ‖Jj‖‖J−1r ‖2‖DiJr‖‖σ(Xr−1)‖.
By (5.16), (5.20), (5.27), and the boundedness of σ, we see that
sup
i=1,...,n
E sup
r=1,...,n
‖Jj(DiJ−1r )σ(Xr−1)‖p 6 N.
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Finally, from (5.16), (5.20), the boundedness of ∇σ, and (5.22) we get
sup
i=1,...,n
E sup
r=1,...,n
‖JjJ−1r (Diσ(Xr−1)‖p 6 N.
Recalling (5.24), we obtain
sup
i=1,...,n
E sup
r=1,...,n
‖DiDr,j‖p 6 N, (5.28)
which combined with (5.10) gives
sup
i=1,...,n
E sup
r=1,...,n
‖
d∑
m=1
(DiD·,mr,j )(M−1)m,k‖p 6 Nt−p. (5.29)
We proceed by obtaining a similar bound for the second term at the right hand side of (5.23). First,
let us derive a bound for DiM . For each entry Mm,q of the matrix M we have
DiM
m,q =
1
n
n∑
ℓ=1
d∑
v=1
(
Dv,qℓ,j DiDv,mℓ,j +Dv,mℓ,j DiDv,qℓ,j
)
.
Then, notice that on Ωˆ, for ℓ > j we have Dℓ,j = DℓXj = 0. Hence, by taking into account (5.9)
and (5.28) we get
sup
i=1,...,n
(E‖DiMm,q‖p)1/p 6 N( j
n
+ n(P(Ωˆc))1/p) 6 N(
j
n
+ ne−cn/p) 6 N
j
n
= Nt.
Summation overm, q gives
sup
i=1,...,n
(E‖DiM ‖p)1/p 6 Nt. (5.30)
Therefore, we get
‖
d∑
m=1
D·,mr,j ⊗Di(M−1)m,k‖ 6 N‖Dr,j‖‖M−1‖2‖DiM ‖,
which by virtue of (5.9), (5.10), and (5.30) gives
E‖
d∑
m=1
D·,mr,j ⊗Di(M−1)m,k‖p 6 Nt−p.
This combined with (5.29), by virtue of (5.23), proves (5.11). This finishes the proof.
5.3. Proof of Theorem 5.1
Proof. Recalling that Yi = 0 for i > j, we can write, using (5.9) and (5.10),
E‖Y ‖2H 6 E
1
n
j∑
i=1
( sup
i=1,...,j
‖Di,j‖‖M−1‖)2 6 N (j/n)t−2 6 Nt−1.
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One also has
|E 1
n2
∑
(i,q),(r,m)∈I
(D
q
i Y
m
r )(D
m
r Y
q
i )| 6 t2E sup
i,r=1,...j
‖DiYr‖2 6 N.
Therefore, by (5.7), we have the following bound on the main (first) term on the right-hand side of
(5.6)
|E(G(Xj), δY )| 6 ‖G‖C0 (E|δY |2)1/2 6 Nt−1/2‖G‖C0 .
As for the other two terms, Proposition 5.2 immediately yields
|I1| 6 N‖G‖C1e−cn,
while for I2 we can write
|I2| 6 Ne−cn
[
E
( 1
n
j∑
i=1
(DiG(Xj ), Yi)
)2]1/2
6 Ne−cnt
1
j
j∑
i=1
(E sup
i=1,...,j
|DiG(Xj)|6)1/6(E sup
i=1,...,j
‖Di,j‖6)1/6(E‖M−1‖6)1/6
6 N‖G‖C1e−cn.
Therefore, by (5.6), we obtain
|E∂kG(Xj)‖ 6 N‖G‖C0t−1/2 +N‖G‖C1e−cn,
and since on Ωˆ, one has Xj = X¯nj/n = X¯nt , the bound (5.2) follows.
6. Multiplicative Brownian noise
6.1. Quadrature estimates
Lemma 6.1. Let y ∈ Rd, ε1 ∈ (0, 1/2), α ∈ (0, 1), p > 0. Suppose that σ satisfies (2.8) and that
X¯n := X¯n(y) is the solution of (5.1). Then for all f ∈ Cα, 0 6 s 6 t 6 1, n ∈ N, one has the
bound
‖
∫ t
s
(f (X¯nr )− f (X¯nκn(r))) dr‖Lp(Ω) 6 N‖f‖Cαn−1/2+2ε1 |t− s|1/2+ε1 , (6.1)
with some N = N (α, p, d, ε1, λ, ‖σ‖C2 ).
Proof. It clearly suffices to prove the bound for p > 2, and, as in [DG18], for f ∈ C∞. We put for
0 6 s 6 t 6 T
As,t := E
s
∫ t
s
(f (X¯nr )− f (X¯nκn(r))) dr.
Then, clearly, for any 0 6 s 6 u 6 t 6 T
δAs,u,t : = As,t −As,u −Au,t
= Es
∫ t
u
(f (X¯nr )− f (X¯nκn(r))) dr − Eu
∫ t
u
(f (X¯nr )− f (X¯nκn(r))) dr.
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Let us check that all the conditions (3.7)-(3.8) of the stochastic sewing lemma are satisfied.
Note that
E
sδAs,u,t = 0,
and so condition (3.8) trivially holds, with C2 = 0. As for (3.7), let s ∈ [k/n, (k+1)/n) for some
k ∈ N0. Suppose first that t ∈ [(k + 4)/n, 1]. We write
|As,t| = |I1 + I2| :=
∣∣∣( ∫ (k+4)/n
s
+
∫ t
(k+4)/n
)
E
s(f (X¯nr )− f (X¯nkn(r))) dr
∣∣∣.
For I2 we write,
I2 = E
s
∫ t
(k+4)/n
E
(k+1)/n(Eκn(r)f (X¯nr )− f (X¯nkn(r))) dr.
We have
E
kn(r)f
(
X¯nkn(r) + (Wr −Wkn(r))σ(X¯nkn(r))
)
= Pσ(X¯nkn(r))(r−kn(r))f (X¯
n
kn(r)),
so with
g(x) := gnr (x) := f (x)− Pσ(x)(r−κn(r))f (x)
we have
I2 = E
s
∫ t
(k+4)/n
E
(k+1)/ngnr (X¯
n
κn(r)) dr. (6.2)
Moreover, notice that by (2.8) we have for a constant N = (‖σ‖C1 , α)
‖g‖Cα/2 6 N‖f‖Cα . (6.3)
Let us use the shorthand δ = r − κn(r) 6 n−1. We can then write
Pεg(x) =
∫
Rd
∫
Rd
Pε(z)Pσ(x−z)δ(y)(f (x− z)− f (x− y − z)) dy dz
=
∫
Rd
∫
Rd
Pε(z)Pσ(x−z)δ(y)
∫ 1
0
yi∂zif (x− z − θy) dθdy dz
=
∫
Rd
∫
Rd
∂zi(Pε(z)Pσ(x−z)δ(y))
∫ 1
0
yif (x− z − θy) dθdy dz. (6.4)
with summation over i implied. It is well known that
|∂ziPε(z)| 6 N |z|ε−1Pε(z). (6.5)
Furthermore,
∂ziPσ(x−z)δ(y) =−
|y|2∂ziσ(x− z)
2δ|σ(x − z)|2 Pσ(x−z)δ(y)−
∂ziσ(x− z)
|σ(x− z)|2 Pσ(x−z)δ(y), y), (6.6)
Since σ satisfies (2.8), by (6.4), (6.5), and (6.6) we see that
‖Pεg‖C0 6 N‖f‖C0
∫
Rd
∫
Rd
(
ε−1|z|+ δ−1|y|2 + 1
)(
|y|Pε(z)Pσ(x−z)δ(y)
)
dy dz
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6 N |f‖C0(ε−1/2δ1/2 + δ1/2) 6 N‖f‖C0ε−1/2n−1/2.
One also has the trivial estimate ‖Pεg‖C0 6 2‖f‖C0 , and combining these two bounds yields
‖g‖Cβ 6 N‖f‖C0nβ/2. (6.7)
for all β ∈ [−1, 0). Note that the restriction of X¯nt (·) to the gridpoints t = 0, 1/n, . . . , 1 is a
Markov process with state space Rd. Therefore we can write
|E(k+1)/ng(X¯nκn(r)(y))| = |Eg(X¯nκn(r)−(k+1)/n(x))|
∣∣∣
x=X¯n
(k+1)/n
(y)
6 sup
x∈Rd
|Eg(X¯nκn(r)−(k+1)/n(x))|. (6.8)
Since g ∈ Cα/2 we have that (I +∆)u = g where u ∈ C2+(α/2) and
‖u‖C2+(α/2) 6 N‖g‖Cα/2 , ‖u‖C1+2ε1 6 N‖g‖C−1+2ε1 . (6.9)
Hence, by combining (6.8), (5.2), (6.9), (6.7), and (6.3), we get
|E(k+1)/ng(X¯nκn(r)(y))| 6 sup
x∈Rd
|E(u+∆u)(X¯nκn(r)−(k+1)/n(x))|
6 N‖u‖C1 |κn(r)− (k + 1)/n|−1/2 +N‖u‖C2e−cn
6 N‖u‖C1+2ε1 |κn(r)− (k + 1)/n|−1/2 +N‖u‖C2e−cn
6 N‖g‖C−1+2ε1 |κn(r)− (k + 1)/n|−1/2 +N‖g‖Cα/2e−cn
6 N‖f‖Cαn−1/2+ε1 |κn(r)− (k + 1)/n|−1/2
Putting this back into (6.2) one obtains
‖I2‖Lp(Ω) 6 N‖f‖C0n−1/2+ε1
∫ t
(k+4)/n
|κn(r)− (k + 1)/n|−1/2 dr
6 N‖f‖Cα |t− s|1/2n−1/2+ε1
6 N‖f‖Cα |t− s|1/2+ε1n−1/2+2ε1 ,
where we have used that n−1 6 |t− s|. The bound for I1 is straightforward:
‖I1‖Lp(Ω) 6
∫ (k+4)/n
s
‖f (X¯r)− f (X¯kn(r))‖Lp(Ω) dr
6 N‖f‖C0n−1 6 N‖f‖C0n−1/2+ε1 |t− s|1/2+ε1 .
Therefore,
‖As,t‖Lp(Ω) 6 N‖f‖Cαn−1/2+2ε1 |t− s|1/2+ε1 .
It remains to show the same bound for t ∈ (s, (k + 4)/n]. Similarly to the above we write
‖As,t‖Lp(Ω) 6
∫ t
s
‖f (X¯r)− f (X¯kn(r))‖Lp(Ω) dr
6 N‖f‖C0 |t− s| 6 N‖f‖C0n−1/2+ε1 |t− s|1/2+ε1 .
using that |t− s| 6 4n−1 and ε1 < 1/2. Thus, (3.7) holds with C1 = N‖f‖Cαn−1/2+2ε1 . From
here we conclude the bound (6.1) exactly as is Lemma 4.1.
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Lemma 6.2. Let α ∈ [0, 1], take ε1 ∈ (0, 1/2). Let b ∈ C0, σ satisfy (2.8), andXn be the solution
of (1.7). Then for all f ∈ Cα, 0 6 s 6 t 6 1, n ∈ N, and p > 0, one has the bound
‖
∫ t
s
(f (Xnr )− f (Xnκn(r))) dr‖Lp(Ω) 6 N‖f‖Cαn−1/2+2ε1 |t− s|1/2+ε1 (6.10)
with some N = N (‖b‖C0 , p, d, α, ε1, λ, ‖σ‖C2 ).
Proof. Let us set
ρ = exp
(
−
∫ 1
0
(σ−1b)(Xnκn(r)) dBr −
1
2
∫ 1
0
|(σ−1b)(Xnκn(r))|2 dr
)
and define the measure P˜ by dP˜ = ρdP. By Girsanov’s theorem, Xn solves (5.1) with a P˜-Wiener
process B˜ in place of B. Since Lemma 6.1 only depends on the distribution of X¯n, we can apply
it toXn, to bound the desired moments with respect to the measure P˜. Going back to the measure
P can then be done precisely as in [DG18]: the only property needed is that ρ has finite moments
of any order, which follows easily from the boundedness of b and (2.8).
6.2. A regularization lemma
The replacement for the heat kernel bounds from Proposition 3.7 is the following estimate on the
transition kernel P¯ of (1.6). Similarly to before, we denote P¯tf (x) = Ef (Xt(x)), where Xt(x)
is the solution of (1.6) with initial condition X0(x) = x. The following bound then follows from
[Fri83, Theorem 9/4/2].
Proposition 6.3. Assume b ∈ Cα, α > 0 and f ∈ Cα′ , α′ ∈ [0, 1]. Then for all 0 < t 6 1,
x, y ∈ Rd one has the bounds
|P¯tf (x)− P¯tf (y)| 6 N‖f‖Cα′ |x− y|t−(1−α
′)/2 (6.11)
with some N = N (d, α, λ, ‖b‖Cα , ‖σ‖C1 ).
Lemma 6.4. Let α ∈ (0, 1] and τ ∈ (0, 1] satisfy
τ + α/2 − 1/2 > 0. (6.12)
Let b ∈ Cα, σ satisfy (2.8), andX be the solution of (1.6). Let ϕ be an adapted process. Then for
all sufficiently small ε3, ε4 > 0, for all f ∈ Cα, 0 6 s 6 t 6 1, and p > 0, one has the bound
‖
∫ t
s
f (Xr)− f (Xr + ϕr) dr‖Lp(Ω)
6 N |t− s|1+ε3[]ϕ[]C τp ,[s,t] +N |t− s|1/2+ε4[]ϕ[]C 0p ,[s,t].
(6.13)
with some N = N (p, d, α, τ, λ, ‖σ‖C1 ).
Proof. Set, for s 6 s′ 6 t′ 6 t,
As′,t′ = E
s′
∫ t′
s′
f (Xr)− f (Xr + ϕs′) dr.
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Let us check the conditions of the stochastic sewing lemma. We have
δAs′,u,t′ = E
s′
∫ t′
u
(f (Xr)− f (Xr + ϕs′)) dr − Eu
∫ t′
u
(f (Xr)− f (Xr + ϕu)) dr,
so Es
′
δAs′,u,t′ = E
s′ δˆAs′,u,t′ , with
δˆAs′,u,t′ = E
u
∫ t′
u
(f (Xr)− f (Xr + ϕs′))− (f (Xr) + f (Xr + ϕu)) dr
=
∫ t′
u
P¯r−uf (Xu + ϕs′)− P¯r−uf (Xu + ϕu) dr.
Invoking (6.11), we can write
|δˆAs′,u,t′ | 6 N
∫ t′
u
|ϕs′ − ϕu||r − u|−(1−α)/2 dr.
Hence, using also Jensen’s inequality,
‖Es′δAs′,u,t′‖Lp(Ω) 6 ‖δˆAs′,u,t′‖Lp(Ω) 6 N []ϕ[]C τp ,[s,t]|t′ − s′|1+τ−(1−α)/2
The condition (6.12) implies that for some ε3 > 0, one has
‖Es′δAs′,u,t′‖Lp(Ω) 6 N |t′ − s′|1+ε3[]ϕ[]C τp ,[s,t].
Therefore (3.8) is satisfied with C2 = N []ϕ[]C τp ,[s,t]. Next, to bound ‖As′,t′‖Lp(Ω), we write
|Esf (Xr)− Esf (Xr + ϕs′)| = |P¯r−s′f (Xs′)− P¯r−s′f (Xs′ + ϕs′)|
6 N |ϕs′ ||r − s′|−(1−α)/2.
So after integration with respect to r and by Jensen’s inequality, we get the bound, for any
sufficiently small ε4 > 0,
‖As′,t′‖Lp(Ω) 6 N |t′ − s′|1/2+ε4[]ϕ[]C 0p ,[s,t].
Therefore (3.7) is satisfied with C1 = N []ϕ[]C 0p ,[s,t], and we can conclude the bound (6.1) as
usual.
6.3. Proof of Theorem 2.7
First let us recall the following simple fact: if g is a predictable process, then by the Burkholder-
Gundy-Davis and Hölder inequalities one has
E|
∫ t
s
gr dBr|p 6 NE
∫ t
s
|gr|p dr|t− s|(p−2)/2
with N = N (p). This in particular implies
[]g[]
C
1/2−ε
p ,[s,t]
6 N‖g‖Lp(Ω×[s,t]). (6.14)
whenever p > 1/ε.
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Proof. Without the loss of generality we will assume that p is sufficiently large and τ is sufficiently
close to 1/2. Let us rewrite the equation for Xn as
dXnt = b(X
n
κn(t)) dt+ [σ(Xt) + (σ(X
n
t )− σ(Xt) +Rnr ] dBt,
where Rnt = σ(X
n
κn(t)
)− σ(Xnt ) is an adapted process such that one has
‖Rnt ‖Lp(Ω) 6 Nn−1/2
for all t ∈ [0, 1]. Let us denote
ϕnt = x0 − xn0 +
∫ t
0
b(Xr) dr −
∫ t
0
b(Xnκn(r)) dr,
Qnt =
∫ t
0
σ(Xnr )− σ(Xr) dBr,
Rnt =
∫ t
0
Rnr dBr.
Take some 0 6 S 6 T 6 1. Choose ε1 ∈ (0, ε/2) so that (1/2 − 2ε1) > 1/2 − ε. Then, taking
into account (6.10), for any S 6 s < t 6 T , we have
‖ϕnt − ϕns ‖Lp(Ω) = ‖
∫ t
s
(b(Xr)− b(Xnκn(r))) dr‖Lp(Ω) (6.15)
6 ‖
∫ t
s
(b(Xr − b(Xnr )) dr‖Lp(Ω) +N |t− s|1/2+ε1n−1/2+ε.
We wish to apply Lemma 6.4, with ϕ = ϕn + Qn + Rn. It is clear that for sufficiently small
ε2 > 0, τ = 1/2 − ε2 satisfies (6.12). Therefore,
‖
∫ t
s
(b(Xr)− b(Xnr )) dr‖Lp(Ω) = ‖
∫ t
s
(b(Xr)− b(Xr + ϕr)) dr‖Lp(Ω)
6 N |t− s|1/2+ε4∧(1/2+ε3)([]ϕn[]C τp ,[s,t] + []Qn[]C τp ,[s,t] + []Rn[]C τp ,[s,t])
By (6.14), for sufficiently large p, we have
[]Qn[]C τp ,[s,t] 6 N‖X −Xn‖Lp(Ω×[0,T ]),
[]Rn[]C τp ,[s,t] 6 Nn−1/2.
Putting these in the above expression, and using τ < 1/2 repeatedly, one gets
‖
∫ t
s
(b(Xr)− b(Xnr )) dr‖Lp(Ω)
6 N |t− s|τ |T − S|ε5([]ϕn[]C τp ,[S,T ] + ‖X −Xn‖Lp(Ω×[0,T ]) + n−1/2)
with some ε5 > 0. Combining with (6.15), dividing by |t − s|τ and taking supremum over
s < t ∈ [S, T ], we get
[]ϕn[]C τp ,[S,T ] 6 N‖ϕnS‖Lp(Ω) + |T − S|ε5[]ϕn[]C τp ,[S,T ]
+N‖X −Xn‖Lp(Ω×[0,T ]) +Nn−1/2+ε.
(6.16)
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Fix an m ∈ N (not depending on n) such that Nm−ε5 6 1/2. Whenever |S − T | 6 m−1, the
second term on the right-hand side of (6.16) can be therefore discarded, and so one in particular
gets
[]ϕn[]C τp ,[S,T ] 6 N‖ϕnS‖Lp(Ω) +N‖X −Xn‖Lp(Ω×[0,T ]) +Nn−1/2+ε, (6.17)
and thus also
‖ϕnT ‖Lp(Ω) 6 N‖ϕnS‖Lp(Ω) +N‖X −Xn‖Lp(Ω×[0,T ]) +Nn−1/2+ε.
Iterating this inequality at mostm times, one therefore gets
‖ϕnT ‖Lp(Ω) 6 N‖ϕn0‖Lp(Ω) +N‖X −Xn‖Lp(Ω×[0,T ]) +Nn−1/2+ε. (6.18)
We can then write, invoking again the usual estimates for the stochastic integrals Qn,Rn
sup
t∈[0,T ]
‖Xt −Xnt ‖pLp(Ω) 6 N sup
t∈[0,T ]
‖ϕnt ‖pLp(Ω)
+N sup
t∈[0,T ]
‖Qnt ‖pLp(Ω) +N sup
t∈[0,T ]
‖Rnt ‖pLp(Ω)
6 N‖ϕn0‖pLp(Ω) +N
∫ T
0
‖Xt −Xnt ‖pLp(Ω) dt+Nn−p(1/2−ε).
Gronwall’s lemma then yields
sup
t∈[0,T ]
‖Xt −Xnt ‖Lp(Ω) 6 N‖ϕn0‖Lp(Ω) +Nn−1/2+ε. (6.19)
Putting (6.17)-(6.18)-(6.19) together, we obtain
[]ϕn[]C τp ,[0,1] 6 N‖ϕn0‖Lp(Ω) +Nn−1/2+ε.
Therefore, recalling (6.14) again,
[]X −Xn[]C τp ,[0,1] 6 []ϕn[]C τp ,[0,1] + []Qn[]C τp ,[0,1] + []Rn[]C τp ,[0,1]
6 N‖ϕn0‖Lp(Ω) +Nn−1/2+ε + sup
t∈[0,1]
‖Xt −Xnt ‖Lp(Ω)
6 N‖ϕn0‖Lp(Ω) +Nn−1/2+ε,
as desired.
Appendices
A. Proofs of the auxiliary bounds from Section 3.3
Proof of Proposition 3.6. (i). Fix 0 6 s 6 t 6 1. It follows from the definition of BH that
BHt −BHs is a Gaussian vector consisting of d independent components, each of them having zero
mean and variance
C(t, t)− 2C(s, t) + C(s, s) = cH (t− s)2H ,
where the function C was defined in (2.2). This implies the statement of the proposition.
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(ii). We have
E
uBH,it − EsBH,it =
∫ u
s
(t− r)H−1/2dW ir .
Therefore, EsBH,it − EuBH,it is a Gaussian random variable independent of Fs. It is of mean 0
and variance c2(s, t)− c2(u, t). This implies the statement of the lemma.
(iii). It suffices to notice that the random vector BHt − EsBHt is Gaussian, independent of Fs,
consists of d independent components, and each of its components has zero mean and variance
E(
∫ t
s
|t− r|H−1/2 dWr)2 = c2(s, t).
(iv). One can simply write by the Newton-Leibniz formula
c2(s, t)− c2(s, u) 6 N
∫ t
u
|r − s|2H−1 dr 6 N |t− u||t− s|2H−1,
since by our assumption on s, u, t, for all r ∈ [u, t] one has r − s 6 t− s 6 2(r − s).
(v). It follows from (2.1) that
E
sBHt − EsBHu =
∫ s
−∞
(|t− r|H−1/2 − |u− r|H−1/2) dWr.
Therefore, by the Burkholder–Davis–Gundy inequality one has
‖EsBHt − EsBHr ‖2Lp(Ω) 6 N
∫ s
−∞
(|t− r|H−1/2 − |u− r|H−1/2)2 dr
6 N
∫ s
−∞
(∫ t
u
|v − r|H−3/2 dv
)2
dr
6 N
∫ s
−∞
|t− u|2|u− r|2H−3 dr
6 N (t− u)2(u− s)2H−2 6 N (t− u)2(t− s)2H−2,
where the last inequality follows from the fact that by the assumption u− s > (t− s)/2.
Proof of Proposition 3.7. (i). Case β 6 α: There is nothing to prove since
‖Ptf‖Cβ(Rd) 6 ‖Ptf‖Cα(Rd) 6 N‖f‖Cα(Rd).
Case β = 0, α < 0: The bound follows immediately from the definition of the norm.
Case α = 0, β ∈ (0, 1]: By differentiating the Gaussian density we have
‖∇Ptf‖C0 6 Nt−1/2‖f‖C0 .
Consequently,
|Ptf (x)− Ptf (y)| 6 |Ptf (x)− Ptf (y)|β‖f‖(1−β)C0
6 Nt−β/2|x− y|β‖f‖C0 ,
which implies that
[Ptf ]Cβ 6 Nt−β/2‖f‖C0 .
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This, combined with the trivial estimate ‖Ptf‖C0 6 ‖f‖L∞ give the desired estimate.
Case 0 < α < β < 1: We refer the reader to [GIP15, Lemma A.7] where the estimate is
proved in the Besov scale. The desired estimate then follows from the equivalence Bγ∞,∞ ∼ Cγ
for γ ∈ (0, 1).
Case α ∈ (0, 1), β = 1: We have
‖∇Ptf‖L∞ = sup
x∈Rd
∣∣∣ ∫
Rd
∇pt(x− y)f (y) dy
∣∣∣
= sup
x∈Rd
∣∣∣ ∫
Rd
∇pt(x− y)(f (y)− f (x)) dy
∣∣∣
6 N [f ]Cα
∫
Rd
|∇pt(y)||y|α dy
6 N [f ]Cαt
(α−1)/2,
which again combined with ‖cPtf‖C0 6 ‖f‖C0 proves the claim.
Case α < 0, β ∈ [0, 1]:
‖Ptf‖Cβ = ‖P t
2
+ t
2
f‖Cβ 6 Nt−β/2‖Ptf‖C0 6 Nt(α−β)/2 sup
ε∈(0,1]
ε−α/2‖Pεf‖C0
= Nt(α−β)/2‖f‖Cα .
(ii). Fix δ ∈ (0, 1] such that δ > α
2
− β
2
. Then we have
‖Ptf −Psf‖Cβ (Rd) 6
∫ t
s
∥∥∥ ∂
∂r
Prf
∥∥∥
Cβ (Rd)
dr
=
∫ t
s
∥∥∥Pr∆f∥∥∥
Cβ (Rd)
dr
6 N
∫ t
s
r
α−β−2
2
∥∥∥∆f∥∥∥
Cα−2(Rd)
dr
6 N‖f‖Cα(Rd)
∫ t
s
r
α
2
−β
2
−δr−1+δ dr
6 N‖f‖Cα(Rd)s
α
2
−β
2
−δ(t− s)δ,
where the last inequality follows from the facts that r > s and r > r − s, and that both of the
exponents are nonpositive thanks to the conditions on δ. This yields the statement of (ii).
(iii). First let us deal with the case H 6 1/2. Then the bound follows easily by applying part
(ii) of the proposition with δ = 1/2. Indeed, for any 0 6 s 6 u 6 t we have
‖Pc2(s,t)f − Pc2(u,t)f‖Cβ 6 N‖f‖Cαcα−β−1(u, t)(c2(s, t)− c2(u, t))
1
2
6 N‖f‖Cα(t− u)H(α−β−1)(u− s)
1
2 (t− u)H− 12
= N‖f‖Cα(u− s)
1
2 (t− u)H(α−β)− 12 ,
where we also used the fact that
c2(s, t)− c2(u, t) 6 N (u− s)(t− u)2H−1. (A.1)
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This establishes the desired bound.
Now let us consider the case H > 1/2 (in this case 2H − 1 > 0 and thus bound (A.1) does
not hold). Put for 0 6 s 6 u 6 t
k(s, u, t) := c2(u, t) + (u− s)∂tc2(u, t) = (2H)−1(t− u)2H + (u− s)(t− u)2H−1. (A.2)
Note that by convexity of the function z 7→ z2H one has for any 0 6 z1 6 z2
z2H1 + 2H(z2 − z1)z2H−11 6 z2H2 6 z2H1 + 2H(z2 − z1)z2H−11 + (z2 − z1)2H .
Hence for 0 6 s 6 u 6 t we have
c2(u, t) 6 k(s, u, t) 6 c2(s, t) 6 k(s, u, t) + c2(s, u) (A.3)
Now we are ready to obtain the desired bound. We have
‖Pc2(s,t)f − Pc2(u,t)f‖Cβ 6 ‖Pc2(s,t)f − Pk(s,u,t)f‖Cβ + ‖Pk(s,u,t)f − Pc2(u,t)f‖Cβ
6 I1 + I2. (A.4)
We bound I1 and I2 using part (ii) of the proposition but with different δ. First, we apply part (ii)
with δ = 1
4H ∨ (α/2 − β/2). Recalling (A.3), we deduce
I1 6 N‖f‖Cαk(s, u, t)
α
2
−β
2
−δc2δ(s, u) 6 N‖f‖Cα(u− s)
1
2 (t− u)(H(α−β)− 12 )∧0. (A.5)
Applying now part (ii) with δ = 1/2, we obtain
I2 6 N‖f‖Cαcα−β−1(u, t)(u − s)
1
2 (t− u)H− 12 6 N‖f‖Cα(u− s)
1
2 (t− u)H(α−β)− 12 .
This, combined with (A.4) and (A.5) implies the desired bound for the case H > 1/2.
(iv). We begin with the caseH 6 1/2. Then, applying part (i) of the theorem with β = 1, we
deduce for 0 6 s 6 u 6 t 6 1
|Pc2(u,t)f (x)− Pc2(u,t)f (x+ ξ)| 6 N‖f‖Cα(t− u)H(α−1)|ξ|.
Hence for any p > 2 we have
‖Pc2(u,t)f (x)− Pc2(u,t)f (x+ ξ)‖Lp(Ω) 6 N‖f‖Cα(t− u)H(α−1)‖ξ‖Lp(Ω)
6 N‖f‖Cα(u− s)
1
2 (t− u)Hα− 12 ,
where the last inequality follows from the bound (A.1) and the definition of the random variable
ξ. This completes the proof for the case H 6 1/2.
Now let us deal with the case H ∈ (1/2, 1). Fix 0 6 s 6 u 6 t 6 1. Let η and
ρ be independent Gaussian random vectors consisting of d independent identically distributed
components each. Suppose that for any i = 1, . . . , d we have Eηi = Eρi = 0 and
Var(ηi) = (u− s)(t− u)2H−1; Var(ρi) = v(s, u, t) − (u− s)(t− u)2H−1.
It is clear that
‖Pc2(u,t)f (x)− Pc2(u,t)f (x+ ξ)‖Lp(Ω)
= ‖Pc2(u,t)f (x)− Pc2(u,t)f (x+ η + ρ)‖Lp(Ω)
6 ‖Pc2(u,t)f (x)− Pc2(u,t)f (x+ η)‖Lp(Ω) + ‖Pc2(u,t)f (x+ η)− Pc2(u,t)f (x+ η + ρ)‖Lp(Ω)
=: I1 + I2. (A.6)
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Applying part (i) of the theorem with β = 1, we get
I1 6 N‖f‖Cαcα−1(u, t)‖η‖Lp(Ω) 6 N‖f‖Cα(u− s)
1
2 (t− u)αH− 12 . (A.7)
Similarly, using part (i) of the theorem with β = 1
2H ∨ α and recalling (A.3), we deduce
I2 6 N‖f‖Cαc(α−
1
2H
)∧0(u, t) ‖ |ρ| 12H ∨α ‖Lp(Ω) 6 N‖f‖Cα(u− s)
1
2 (t− u)(αH− 12 )∧0.
Combined with (A.6) and (A.7), this yields the required bound.
Proof of Proposition 3.8. Obviously it suffices to show it for k = 1.
1. Case α− δ = 0: The statement follows directly by definition of the Cα norm.
2. Case α− δ ∈ (0, 1]: First, let us consider α ∈ (0, 1]. For all β ∈ [0, 1] we have
|f (y + x)− f (y)− f (z + x)− f (z)|
|y − z|α−δ 6 (2|x|
α[f ]Cα)
β(2|y − z|α[f ]Cα)(1−β)
which upon choosing β = δ/α and taking suprema over y 6= z gives
[f (·+ x)− f (·)]Cα−δ 6 4|x|δ[f ]Cα .
Similarly, we have
‖f (·+ x)− f (·)‖C0 6 |x|δ[f ]δ/αCα (2‖f‖C0 )1−δ/α 6 2|x|δ‖f‖Cα ,
which combined with the inequality above gives
‖f (·+ x)− f (·)‖Cα−δ 6 6|x|δ‖f‖Cα .
Now let us consider the case α ∈ (1, 2]. By the fundamental theorem of calculus we have for any
β ∈ [0, 1]
|f (y + x)− f (y)− f (z + x)− f (z)|
|y − z|α−δ
=
1
|y − z|α−δ
∣∣∣ ∫ 1
0
xi(∂xif (y + θx)− ∂xif (z + θx)) dθ
∣∣∣β
×
∣∣∣ ∫ 1
0
(yi − zi)(∂xif (z + x+ θ(y − z))− ∂xif (z + θ(y − z))) dθ
∣∣∣(1−β)
6N
(|x|[∇f ]Cα−1 |y − z|α−1)β(|y − z|[∇f ]Cα−1 |x|α−1)1−β
|y − z|α−δ
6N |x|β+(α−1)(1−β)‖f‖Cα |y − z|(α−1)β+1−β−α+δ ,
which upon choosing β = (δ + 1− α)/2α and taking suprema over y 6= z gives
[f (x+ ·)− f (·)]Cα−δ 6 N |x|δ‖f‖Cα .
In addition, we have
‖f (·+ x)− f (·)‖C0 6 |x|δ[f ]Cδ 6 N |x|δ‖f‖Cα ,
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which combined with the above proves the claim.
3. Case α − δ ∈ (k, k + 1] for k ∈ N: The statement follows by proceeding as above,
considering also derivatives of f up to sufficiently high order.
4. Case α − δ < 0: We first consider the case α ∈ [0, 1), for which we have by virtue of
Proposition 3.7 (i)
‖f (x+ ·)− f (·)‖Cα−δ = sup
ε∈(0,1]
ε
δ−α
2 ‖Pεf (x+ ·)− Pεf (·)‖C0
6 sup
ε∈(0,1]
ε
δ−α
2 |x|δ‖Pεf‖Cδ
6 N sup
ε∈(0,1]
ε
δ−α
2 |x|δεα−δ2 ‖f‖Cα = N |x|δ‖f‖Cα .
We move to the case α < 0. We have
‖f (x+ ·)− f (·)‖Cα−δ = sup
ε∈(0,1]
ε
δ−α
2 ‖Pεf (x+ ·)− Pεf (·)‖C0
6 sup
ε∈(0,1]
ε
δ−α
2 |x|δ‖Pεf‖Cδ
= sup
ε∈(0,1]
ε
δ−α
2 |x|δ‖P ε
2
+ ε
2
f‖Cδ
6 N sup
ε∈(0,1]
ε
δ−α
2 |x|δε−δ2 ‖P ε
2
f‖C0 6 N |x|δ‖f‖Cα .
The proposition is proved.
B. Proofs of the results from Section 3.4 related to the Girsanov theorem
Proof of Proposition 3.10. If H = 1/2, then there is nothing to prove; the statement of the
proposition follows from the standrad Girsanov theorem for Brownian motion. Otherwise, if
H 6= 1/2, let us verify that all the conditions of the Girsanov theorem in the form of [NO02,
Theorem 2] are satisfied. Note that even though this theorem is stated in [NO02] in the one–
dimensional setting, its extension to the multidimensional setup is immediate.
First, let us check condition (i) of [NO02, Theorem 2]. IfH < 1/2, then
∫ 1
0
u2sds 6 M
2 <∞
and thus this condition is satisfied by the statement given at [NO02, last paragraph of Section 3.1].
If H > 1/2, then
[D
H−1/2
0+ u](t) = Nutt
−H+1/2 +N (H − 1/2)
∫ t
0
ut − us
(t− s)H+1/2 ds,
where Dβ0+ denotes the left-sided RiemannâĂŞLiouville derivative of of order β at 0, β ∈ (0, 1),
see [NO02, formula (4)]. Therefore, taking into account that H < 1 and assumption 3.26,∫ 1
0
∣∣∣[DH−1/20+ u](t)∣∣∣2 dt 6 NM2 +N ∫ 1
0
(∫ t
0
|ut − us|
(t− s)H+1/2 ds
)2
dt <∞ a.s..
Thus, DH−1/20+ u ∈ L2([0, 1]) a.s. and hence condition (i) of [NO02, Theorem 2] is satisfied.
Now let us verify condition (ii) of [NO02, Theorem 2]. Consider the following kernel:
KH (t, s) := (t− s)H−1/2F (H − 1/2, 1/2 −H,H + 1/2, 1 − t/s), 0 6 s 6 t 6 1,
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where F is the Gauss hypergeometric function, see [DU99, equation (2)]. It follows from [DU99,
Corollary 3.1], that there exists a constant kH > 0 and d–dimensional Brownian motion W˜ such
that
BH(t) = kH
∫ t
0
KH (t, s) dW˜s, 0 6 t 6 1.
Consider a random variable
ρ := exp
(
−
∫ 1
0
vsdW˜s − 1
2
∫ 1
0
|vs|2ds
)
,
where the vector v is defined in the following way. If H < 1/2, then
vt :=
sin(π(H + 1/2))
πkH
tH−1/2
∫ t
0
(t− s)−H−1/2s1/2−Hus ds, (B.1)
and if H > 1/2, then
vt :=
sin(π(H − 1/2))
πkH (H − 1/2)
(
t1/2−Hut + (H − 1/2)
∫ t
0
ut − tH−1/2s1/2−Hus
(t− s)H+1/2 ds
)
. (B.2)
Taking into account [NO02, formulas (11) and (13)], we see that condition (ii) of [NO02, Theo-
rem 2] is equivalent to the following one: Eρ = 1. We claim that actually
E exp(λ
∫ 1
0
|vt|2dt) 6 R(λ) <∞ (B.3)
where
R(λ) := exp(λN (H)M2) if H < 1/2;
R(λ) := exp(λN (H)M2)E exp(λN (H)ξ) if H ∈ (1/2, 1).
By the Novikov theorem this, of course, implies that Eρ = 1.
Now let us verify (B.3). If H < 1/2, then it follows from (B.1) and (3.23) that
|vt| 6 N (H)Mt−H+1/2,
which immediately yields (B.3).
If H > 1/2, then we make use of (B.2) and (3.24) to deduce
|vt| 6N (H)Mt1/2−H +N (H)
∫ t
0
|ut|(tH−1/2s1/2−H − 1)
(t− s)H+1/2 ds
+N (H)
∫ t
0
|ut − us|tH−1/2s1/2−H
(t− s)H+1/2 ds
6N (H)Mt1/2−H +N (H)
∫ t
0
|ut − us|tH−1/2s1/2−H
(t− s)H+1/2 ds.
Taking into account assumption (3.26), we obtain (B.3). Thus, by above, condition (ii) of [NO02,
Theorem 2] is satisfied.
Therefore all the conditions of [NO02, Theorem 2] are satisfied. Hence the process B˜H is
indeed a fractional Brownian motion with Hurst parameter H under P˜ defined by dP˜/dP = ρ.
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Finally, to show (3.27), we fix λ > 0. Then, applying the Cauchy–Schwarz inequality, we get
Eρλ =E exp
(
−λ
∫ 1
0
vsdW˜s − λ
2
∫ 1
0
|vs|2ds
)
=E exp
(
−λ
∫ 1
0
vsdW˜s − λ2
∫ 1
0
|vs|2ds + (λ2 − λ/2)
∫ 1
0
|vs|2ds
)
6
[
E exp
(
−2λ
∫ 1
0
vsdW˜s − 2λ2
∫ 1
0
|vs|2ds
)]1/2[
E exp
(
(2λ2 − λ)
∫ 1
0
|vs|2ds
)]1/2
=
[
E exp
(
(2λ2 − λ)
∫ 1
0
|vs|2ds
)]1/2
6R(2λ2)1/2 <∞,
where the last inequality follows from (B.3). This completes the proof of the proposition.
Proof of Lemma 3.11. We begin with establishing bound (3.28). Fix n ∈ N and let us split the
inner integral in (3.28) into two parts: the integral over [0, κn(t)− (2n)−1] and [κn(t)− (2n)−1, t].
For the first part we have
I1(t) :=
∫ κn(t)−(2n)−1
0
(t/s)H−1/2|fκn(t) − fκn(s)|
(t− s)H+1/2 ds
6 [f ]Cρt
H−1/2
∫ κn(t)−(2n)−1
0
s1/2−H |κn(t)− κn(s)|ρ(t− s)−H−1/2 ds
6 N [f ]Cρt
H−1/2
∫ κn(t)−(2n)−1
0
s1/2−H |t− s|ρ−H−1/2 ds
6 N [f ]Cρt
H−1/2
∫ t
0
s1/2−H |t− s|ρ−H−1/2 ds
6 N [f ]Cρt
ρ−H+1/2, (B.4)
where we used bound (3.23), the assumption ρ − H − 1/2 > −1, and the fact that for s ∈
[0, κn(t)− (2n)−1] one has
κn(t)− κn(s) 6 t− s+ 1/n 6 3(t− s).
Now let us move on and estimate the second part of the inner integral in (3.28). If t > 1/n,
then we have
I2(t) :=
∫ t
κn(t)−(2n)−1
(t/s)H−1/2|fκn(t) − fκn(s)|
(t− s)H+1/2 ds
= tH−1/2|fκn(t) − fκn(t)−1/n|
∫ κn(t)
κn(t)−(2n)−1
s1/2−H (t− s)−H−1/2 ds
6 N [f ]Cρn
−ρ t
H−1/2
(κn(t)− (2n)−1)H−1/2
∫ κn(t)
κn(t)−(2n)−1
(t− s)−H−1/2 ds
6 N [f ]Cρn
−ρ(t− κn(t))−H+1/2, (B.5)
where in the last inequality we used that for t > 1/n one has
t 6 κn(t) +
1
n
6 4κn(t)− 2
n
= 4
(
κn(t)− 1
2n
)
.
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Now, using (B.5) and (B.5), we can bound the left–hand side of (3.28). We deduce∫ 1
0
(∫ t
0
(t/s)H−1/2|fκn(t) − fκn(s)|
(t− s)H+1/2 ds
)2
dt
6 N
∫ 1
0
I1(t)
2 dt+N
∫ 1
0
I2(t)
2 dt
6 N [f ]2Cρ +N [f ]
2
Cρn
−2ρ
n−1∑
i=1
∫ i+1
n
i
n
|t− κn(t)|1−2H dt
6 N [f ]2Cρ +N [f ]
2
Cρn
−2ρ
n−1∑
i=1
n−(2−2H)
6 N [f ]2Cρ +N [f ]
2
Cρn
2H−1−2ρ
6 N [f ]2Cρ,
where the very last inequality follows from the assumption ρ > H − 1/2. This establishes (3.28).
Not let us prove (3.29). Using the assumption ρ > H − 1/2 and identity (3.23), we deduce∫ 1
0
(∫ t
0
(t/s)H−1/2|ft − fs|
(t− s)H+1/2 ds
)2
dt 6 [f ]2Cρ
∫ 1
0
(∫ t
0
s−H+1/2(t− s)ρ−H−1/2 ds
)2
dt
6 N [f ]2Cρ .
This proves (3.29).
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